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Outlines

Cooling and dynamics of a lava flowing down an inclined channel 
under the effect of the gravity force through the finite volume 
method, taking into account:

Viscous dissipation term in the heat equation. 

Shear thinning and temperature dependent rheology. 

Tests on numerical solution to verify the independence of the 
results from the mesh size. 

The dynamic and heat problem are addressed obtaining both the 
stationary and the transient solution. 

Results

Conclusions



Introduction

Difficulties in modeling a lava flow:

lava is a fluid with extremely complex rheological behavior 

the cooling mechanism is the result of different thermal 
exchanges 

◦ external (surface thermal radiation, forced convection, conduction to the base)
◦ internal (axial advection, viscous dissipation, latent heat, internal conduction).

Several numerical models simulate lava flow with suitable 
simplifications:

Cellular automata Smothed particle
hydrodynamics

Finite element and 
finite volume

Allows lava to
spread and evolve

Lagrangian
meshless method

More suitable for
channel flows



Introduction and objective

Viscous dissipation in viscometry:
◦ It causes a temperature rise, responsible of the apparent non-Newtonian 

rheology in high viscosity magmas (Hess et al, 2008). 
◦ It provides 10% to 25% of the thermal budget of the lava flows at Santiaguito

(Guatemala), enabling highly viscous lava to form long flows (Avard and 
Whittington, 2012).

Viscous dissipation in lava flow modeling:
◦ It can decrease the flow thickness and increase the flow velocity (Piombo and 

Dragoni, 2011); 
◦ It can generate a local increase in temperature with consequent decrease of the 

fluid viscosity (Costa and Macedonio, 2003) and trigger and sustain secondary 
rotational flows (Costa and Macedonio, 2005). 

This study
◦ numerical solution of the dynamic and heat equations with a shear thinning 

viscosity dependent on temperature, including the viscous dissipation term in the 
heat equation.

◦ The solution takes into account the coupling between the dynamic and the 
thermal equations due to both the temperature dependence of the viscosity in 
the dynamic equation and to the viscous term in the heat equation. 



Assumptions

Viscous fluid flowing in the x direction 
in an inclined rectangular conduct, 
perpendicularly to the section of the 
conduct in the yz plane. 
Assumptions:  
◦ The flow is steady, laminar and subjected to 

the gravity force. Pressure changes are 
negligible with respect to body forces.

◦ The velocity is purely axial and varies with 
the lateral coordinates vx(y,z). 

◦ The fluid is isotropic and incompressible with 
constant density ρ, thermal conductivity K, 
specific heat capacity cp.

◦ The fluid has power-law rheology

◦ where vx is the x component of velocity and 
both the fluid consistency k and the power 
law exponent n depend on temperature T

The temperature dependence of 
k and n is given by Hobiger et al 
(2011)

k0 , p1, p2, p3 and p4 are constant 
parameters
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Mathematical Formulation

Transport equations of lava 
dynamics and thermal 
evolution for the steady state

Dynamic and thermal
boundary conditions:
The top surface is treated by imposing 
cooling by thermal radiation qr and free 
surface condition.
The solid boundaries are modeled 
imposing a constant heat flux qc and the 
no-slip condition. 
The inflow surface temperature is 
assumed constant and equal to the 
effusion temperature Te. 
The outflow boundary at x=L, that does 
not need any constraint.
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Adimensional equations

Non-dimensional temperature, velocity, coordinates and viscosity:

Characteristic parameters:

Non-dimensional form for the dynamic and thermal equations:

◦ S is the source term and is set equal to 1 (Filippucci et al., 2010).

Non-dimensional groups:

Reynolds Prandtl Eckert

◦ Reynolds number depends on temperature and varies inside the computation domain



Computation molecule

Discretization method:
◦ Control volume integration method (Patankar, 1980) using a static mesh 

approach and power law interpolation functions between the nearest grid points. 
◦ The radiative condition at the boundary z=0 depends on the fourth power of 

temperature and needs to be linearized in order to be treated as a source term of 
the heat equation.

Numerical solution of the discretized equations:
◦ classical Gauss-Seidel approach (Filippucci et al., 2010; 2013)._________

(a) Computation molecule in compass notation. 
(b) Computation molecule in grid and storage location.



Numerical Solution Tests

The analytical solutions for the dynamic and thermal equations do not exist 
◦ comparison of the numerical solution with the exact solution is not possible

The numerical code has been tested to verify the mesh independence of the 
solution 
◦ comparison of the numerical solution with the solution rising from the finest mesh.

Test parameters: a=1.5 m, h=1.5 m, α=20° and Te=1000 °C.

Evaluated effects:

◦ Error ΔTmr in L1 norm on the average temperature    with respect of the finest mesh. 

◦ Error ΔTmin and ΔTmax on the minimum Tmin and on the maximum Tmax temperature 
reached within the computation domain.

T



Numerical Solution Tests

Some considerations:

The mesh refinement in the x direction does not affect the results either in 
terms of number of iterations Nit to convergence and in terms of 
temperatures and relative errors.  

In fact, although NCV doubles when passing from NCV1 to NCV2, all the above 
mentioned parameters remain almost stable.

The mesh refinement in the yz plane affects Nit as temperatures and 
relative errors. 
◦ the major velocity and temperature gradients lie on the yz plane and not in x

direction and so the mesh refinement on this plane increases the level of detail 
and precision in the solution of algebraic equations.

The mesh refinement has a greater effect on the minimum temperature 
than on the maximum temperature. 
◦ This is due to the thermal gradients that are greater where temperature is 

minimum than where temperature is maximum



Results: steady state case studies

with viscous dissipation

◦ when Te reaches and exceeds 
1000 °C, within a portion of 
the computation volume the 
condition of laminarity is not 
satisfied and the fluid flow can 
assume a turbulent behavior.

◦ This volume portion ΔVRe>Rec, although it is very small, tends 
to increase with increasing Te, 
for the same slope α2. 

without viscous dissipation

◦ The increase in Te or in a causes the 
increase of the average 
temperature T inside the channel 
and of the average velocity v of  
flow. 

◦ These increases have no 
consequence on the laminar flow 
condition since the Reynolds 
number Re is always below the 
critical threshold Rec=2000



Temperature maps Te=1000°C, α=30°

with viscous dissipation without viscous dissipation
Channel surface

Channel bottom

Channel levee



Outflow T profiles Te=1000°C, α=30°

with viscous dissipation

◦ Temperature decreases sharply 
when passing from the 
boundary (ground or wall) to 
the inner part of the fluid, 
indicating that the portion of 
fluid subject to viscous heating 
is confined on the domain 
boundaries.

without viscous dissipation

◦ Neglecting the viscous dissipation 
term, the temperature of the 
channel is lower on the 
boundaries. In particular, on the 
levees and on the ground, viscous 
heating is not observed and so 
these boundaries cool instead of 
warming up

vertical horizontal vertical horizontal



Velocity maps as open box Te=1000°C, α=30°

The result of the case study without viscous dissipation is a slower flow. 

The fluid is faster at the channel surface center and slows down towards 
the levees where it forms two static zones that grow away from the vent.

The formation of the two lateral "static zones" adhering to the levees, in 
which the fluid flows at very low velocity, almost null, is more evident in 
the case without viscous dissipation.

with viscous dissipation without viscous dissipation



Reynolds number maps and profiles
Te=1000°C, α=30°

The portion of the area where 
the fluid can assume a 
turbulent behavior, that is 
where Re>Rec, is in grey color.

The grey area is quite large  
but it does not extend far 
within the fluid

vertical horizontal

Channel
surface

Channel
bottom

Channel
levee



Transient heat equation 
solution

Initial condition t=0 T=Te

T vs t in six control points of the 
channel outflow surface
◦ With viscous dissipation (solid line)
◦ Without viscous dissipation (dashed line)

P2, P3 and P6: fluid cools due to the 
heat conduction to the solid 
boundaries and the radiation at the 
upper surface.

P1 and P5: fluid warms up due to the 
effect of viscous heating.

P4: temperature remains constant.

Results: Temperature vs time plots

P1 P2

P3 P4

P5 P6



Conclusions

This work:
◦ The thermal evolution and the dynamics of lava with temperature 

dependent shear thinning rheology flowing in an inclined rectangular 
channel, cooling by radiation, conduction, advection and warming for 
viscous dissipation was numerically simulated. The used rheology (Hobiger
et al., 2011) is both strain and temperature dependent.

The concept of laminar flow 
◦ The hypothesis in which all fluid particles move in parallel is certainly not 

always valid but it can not even be said that a lava flow is turbulent in the 
classical sense, and the transition from purely laminar flow to turbulence is 
observed to occur at low values of the Reynold number (Costa and 
Macedonio, 2005).

The transition from laminar to turbulent flow
◦ It can take place locally within the channel near the solid boundary, where 

the temperature gradient rises, in correspondence of which the Reynolds 
number can assume values much higher than in the channel center 
indicating that areas in which the flow is in the laminar regime and areas in 
which the flow is in the turbulent regime can coexist inside the fluid

Effect of viscous dissipation
◦ The temperature is on average higher than in the absence of viscous 

dissipation.
◦ The flow velocity is higher than in the absence of viscous dissipation.



Conclusions and future development

Comparison with basal temperatures measurements of lava flow 
lobes on Kilauea Volcano, Hawai'I (Keszthelyi, 1995):
◦ the basal temperature, after the emplacement and an initial cooling, 

shows a temperature increase approaching a stationary value that can 
be modeled by taking into account the viscous dissipation term in the 
heat equation (transient and steady state).

The viscous dissipation can be invoked to explain that the 
temperatures recorded by Keszthelyi (1995) are slightly higher 
than those predicted by simple conductive cooling models.
Shear heating therefore allows the core to remain warm and 
ductile, facilitating the long life of these viscous flows (Avard and 
Whittington, 2012).

______________
As future modeling: 
◦ Using adaptive mesh instead of static mesh.
◦ Modeling the turbulent behavior of the fluid at the warming boundaries.
◦ Modeling phase transitions and latent heat exchanges.



Thanks for the 
attention


