IL NUOVO CIMENTO VoL. 112 B, N. 2-3 Febbraio-Marzo 1997

Canonical quantization of (2 + 1)-dimensional gravity
coupled to spinning particles (*)

T.Lee(}) and S. ZoH (%)

(Y Department of Physics, Kangwon National University - Chuncheon 200-701, Korea
(®) Center for Theoretical Physics, Seoul National University - Seoul 151-742, Korea

(ricevuto il 30 Luglio 1996)

Summary. — We construct an action and carry out its canonical quantization for
(2 + 1)-dimensional gravity with the gravitational Chern-Simons term, coupled to
point particles with spins. While doing so we use the coadjoint-orbit method and
apply the Faddeev-Jackiw first-order formalism. In addition, we obtain the braiding
relation and discuss the scattering process of the two-particle case.
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Quantum gravity is one of the most important and challenging problems in
contemporary theoretical physics. Although there have been a lot of attempts, we do
not have a definite answer to it, yet. In this respect, three-dimensional gravity provides
a good toy model, where the mathematical structures are greatly simplified but still
rich enough for us to gain much insight into the interrelation between geometry and
guantum mechanics, which may be an indispensable ingredient toward a consistent and
complete theory of quantum gravity. This virtue of the three-dimensional gravity can
be mostly ascribed to the fact that the three-dimensional gravity can be described as a
non-Abelian Chern-Simons gauge theory of which the gauge group is the three-
dimensional Poincaré group 1SO(2, 1) [1,2].

In this paper we will investigate, in the framework of Chern-Simons gauge-
theoretic formulation, a generalized three-dimensional gravity coupled to point
particles with arbitrary spins, which incorporates the gravitational Chern-Simons
term. The gravitational Chern-Simons term originates from the unique feature of
three-dimensional space-time: its Poincaré group 1SO(2, 1) has one-parameter family

(*) Paper presented at the Fourth Italian-Korean Meeting on Relativistic Astrophysics,
Rome-Gran Sasso-Pescara, July 9-15, 1995.
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of invariant non-degenerate inner products [3]. On the other hand, we will exploit the
coadjoint-orbit method [4,5] to construct the action of the point particles which keeps
the local Poincaré symmetry manifest, and will take advantage of Faddeev-Jackiw's
first-order formalism [6] to perform canonical quantization. And we will compare it
with the theories of three-dimensional gravity with the conventional inner
product [7,8]. We start by constructing the generalized invariant non-degenerate inner
product on 1SO(2, 1). Let us first consider the algebra defined by

(1) [Pav Pb] = - /leabc\]cv [Pav Jb] = eabc Pe, [Ja: Jb] = Sabc\]cv

where a, b,c=0, 1, 2. The above algebra corresponds to SO(3, 1), SO(2, 2), or
1ISO(2, 1) if 1 >0, A <0, or 1 =0, respectively. One of the most interesting features in
three-dimensional space-time, which is indeed the underlying basis allowing a gauge-
theoretic formulation for three-dimensional gravity, is that the above algebra admits
two invariant inner products as follows:

[ <Pa’ Pb> =0,
) <Pan ‘]b>:77ab:
<\]a: Jb) =0,
or
[ <Pa! Pb) =1 ap,
©) 1 (Pa, 35) =0,
<Jav Jb>=77abx

where #n,,=diag(—1, 1,1). Notice that the inner product (2), which is
non-degenerate, is peculiar only to three-dimensional space-time, although the inner
product (3) has its natural counterparts in any dimensional space-time, which are
unfortunately degenerate if 1 =0. We would like to emphasize once more that the
above fact is the very reason why only three-dimensional gravity exhibits a simple
gauge-theoretic formulation while others do not. Now we can construct the most
general invariant non-degenerate inner product on the algebra by combining the above
two inner products as (2) + a(3), where « is an arbitrary real number. Putting 4 =0,
we have at last arrived at the generalized invariant non-degenerate inner product on
ISO(2, 1), defined as

[ <Pal Pb> =0,
4 i <Pan Jb) =N ab;
<Jav 'Jb>:a77ab-

In the limit a goes to zero, the above inner product obviously reduces to the
conventional one previously used in the Chern-Simons gauge formulation of three-
dimensional gravity [2].

Using the above generalized inner product for the Lie-algebra—valued gauge
potential of 1SO(2, 1) defined as

©) A=A dx",  A,=eP,+ 0,2,
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we obtain the generalized Chern-Simons action for gravity in three dimensions as[9]

IG: fdtLg,

1 2 ,
(6) j Lg= E fd2X<A, dA + §A2> = J’dzxgﬂﬂvelc(aya)yc_ ay(ﬂ,uc+8abca)/4awvb) +

,u I

a 2
+ 5 szxe&“”w}f(a w,f— 38,0+ Eeabca)ﬂawvb :

L

We note that the obtained Lagrangian contains the gravitational Chern-Simons term
in addition, being compared with the previous one. However, the above Lagrangian
yields the same equations of motion as the Einstein-Cartan theory of three-
dimensional gravity when the matter is absent.

For the particles, we take the following action which manifests the local gauge

symmetry 1SO(2, 1):
[L = (K gl(—a +A)g
P ' at t 3

0 K=mJ®+sP®,

Ar=elPat+ w0l =8¢ P+ 8w,

where g is an element of 1SO(2, 1) and &* denote the space-time coordinates of the
particle. With expressing g in terms of the Euler angles ¢, 6, v and a Lorentz vector q?,
g(t) = (A, q), A=eX*?elfed¥ gnd performing some modifications, learnt from the
lesson in the relativistic anyon theory [10], which helps greatly for the canonical
guantization, we find the Lagrangian for N point particles with arbitrary spins coupled
to gravity as[9]

8 Le= %[ﬂwéf& + PaadR +SACOSH O oda + A a(PaaSA + 5aMa) + Na(pi + m3)] +
+ %ﬂ’u [nAu - §Aawﬂa - pAa(eua + gabcwych)] ’

where A=1, ..., N labels the particles. It will be clear shortly that the parameters mpu
and S, = s, + amy correspond to mass and spin of the particles, respectively.

If we set £% =t, using the diffeomorphism invariance, we have an expression of the
Lagrangian of the gravity coupled to N point particles with spins, which is more
suitable for the canonical guantization

9 L=Lgtlp= %[”Aié}\ + Paala + Sacosh QA(i)A + Naxm+Aaxpe +Baxil+

+ [ [T 0 (2 éiq + adia) + Coa @k + 00a @]



402 T. LEE and s. ZOH

As usual for a reparametrization-invariant theory, the Hamiltonian consists of con-
straints only:

[ @&(X) = e "R (X) +§,p,§‘6(x— &A) =0,

@F(x) =V (T§(X) + aR§(x)) + EA:JZ‘{‘é(X — &) =0,

0) 4 A = Jpa @3 (Ea) — Pani®(En) =0,

AM=PA+mi=0,

A _ . Ta_.z= _
XPL=PpaSa+35amy=0,

N

where J2=L2+Sa=ed.q2ps+ S& and
— b
Rijc—aich—ajwi°+€ab°wiaa)j,

Tijc = ai eJ'C - aj ei° + sabc(a) iaejb - (l)jaeib) ,

which are spatial components of the curvature and the torsion, respectively. Notice that
the constraints y% and yf5_ are nothing but the mass-shell condition and the
Pauli-Lubanski condition, respectively, which are just what we need to describe the
relativistic anyons. Since the mass and the spin are determined by the mass-shell
condition and the Pauli-Lubanski condition, we find that the spin of the anyon is shifted
by am due to the gravitational Chern-Simons term. It is not difficult to see that when
sy = a =0 the above Lagrangian (9) reduces to that of the approach [7, 8] which takes
advantage of the Poincaré coordinates; g2 are nothing but the Poincaré
coordinates.

Applying Faddeev-Jackiw’s first-order formalism [6], we can easily show that the
above Lagrangian yields the fundamental commutators as

r{§k7ﬂ8j}:6ij6ABv {ag, pBb}:nabéABv

— — 1
11) {Shar Sev} = €ar"SacO ag: {&2(x), (Ujb()’)} = Efijﬁabéz(x -y,

{e(x), e (y)} = — %eun%%x —y),  {ofX), 00(y)} =0.

From these fundamental commutators, we find that the constraints form a closed
algebra. The only non-vanishing commutators of them are as follows:

[ {pa(x), %(y)} =0,
{g3(x), 9% (Y)} = e® p&(x) 02 (x —y),
12) 1 {e3(x), 5(y)} = P 0% (x) 0% (x —y),

1
{XiA1 X?} = E 6AB€ij[(Ja - apa) (;DaR + pa(p?I'] .
As expected, the constraints ¢ and ¢% form an 1SO(2, 1) algebra. The constraints x4
are present because of the underlying diffeomorphism invariance of the theory, which
cannot be completely represented by the action of the 1SO(2, 1) constraints when it
acts by moving particles around [8].
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After having constructed a classical action for the three-dimensional gravity with
the gravitational Chern-Simons term, coupled to point particles with spins, and
performed its canonical quantization, we would like to end the paper by deriving the
braiding operator and scattering amplitude. Although it is rather straightforward to
apply most of the apparatus already developed for the NACS particles [11-13] to the
spinning particles coupled with the gravity under discussion, in this paper we shall
consider only the simplest case of a two-particle sector, especially in the Coulomb
gauge, which cannot possibly be chosen among the sectors with an arbitrary number of
particles. Let us suppose that one particle (labeled by 1) is located at the origin and the
other (labeled by 2) is at x. Choosing a Coulomb gauge condition, 0;A;*=0, or
equivalently,

Qieia= aiwia=0,
we easily find a solution of the Gauss constraint,
33+ api xI . p: xJ

(13) eia(x):‘gijTF, W; (X):gijzﬁl
With this solution, the constraints y£ =0, A=1, 2 egs. (10) are read as

= ~ -8y 1 - s

i = J1a 0% (&) + P1a&" (&) = & 1—22 — 3P+ (J2 = apy)-pil,

(6.— &) 2=

(14) ) )

ot = Toa (&) + Bra(8) = ey 2o L (G~ apy)p, + 3P

1 a 1 avi 1) (Ez—gl)z 2‘7.[ 1

and the braiding operator can be evaluated to be
(15) exp[ifﬁAﬂdE”]=exp[i§?x2id§‘2]
= oxp [1§(T2201(8) + Poael (&) A} ]

=exp[i(31-Ps + Jo 1 — aPr-P2)].

We now consider the scattering process of the above situation in the test-particle
approximation, by using the phase space path integral formalism. Since we can solve
the constraints explicitly in this case, let us assume all the constraints are imposed.
Then the Lagrangian is reduced to

(16) L= (p;§ +5cosh0¢) + (Jow®+ pae®) & — V p2+m?

up to constant term. Notice that we dropped the index of the particle for simplicity. To
get the idea on what our strategy is, let us consider a simple case in which both
particles are spinless. Then, in non-relativistic limit, with the gauge choice &* = 6%q?,
the scattering amplitude becomes

> = N n2 0
an S=f[dq][dp]explifdt(p-q—Zp—m—|MZ)],

where | = eijq‘pi = E X E 6 is the angular coordinate of q', and M and m are the
masses of the source and the test particle, respectively. Then, after completing the
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integral over the momentum 5 we at last obtain the expression for the propagator
as

7 e = [ m [;)2 =2 M \? N2
(18) G(ry, tg; ri,ti)zj[dq]exp |jdt— g°+q (1——) o°||.
2 21
Notice the appearance of the deficit factor before the 6-term. Therefore, the propaga-
tor gives exactly the same result as that in [14,15], which was demonstrated before
in [4]. The important point here is that we started just with the flat coordinate E but
we arrived at the same result as that obtained by the conventional approach which
uses from the beginning the geometric coordinate which manifests a deficit angle.
More details, in addition to the generalization to the cases with an arbitrary number
of particles and/or with arbitrary spins, will be discussed elsewhere [16].
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