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Boson Sampling



Evolution of bosonic 
states in linear optics

How does the transition amplitude links with the permanent?

|Si = |s1, · · · smi
|T i = |t1, · · · tmi

U Unitary evolution of the system, mxm matrix

Input n-photon state: t1+...+tm=n

Output n-photon state: s1+...+sm=n



Evolution of bosonic 
states in linear optics

l =

✓
m+ n� 1

n

◆

hS|'(U)|T i = per(US,T )p
s1! · · · sm!t1! · · · tm!

How does the transition amplitude links with the permanent?

|Si = |s1, · · · smi
|T i = |t1, · · · tmi

U Unitary evolution of the system, mxm matrix

Input n-photon state: t1+...+tm=n

Output n-photon state: s1+...+sm=n

nxn matrix, composed by repeating:

Unitary evolution in the Hilbert space: with dimension:

(-) si times the ith row of U
(-) tj times the jth column of U

l=all possible combinations of 
n photons in m modes

Hl



An Example of Boson Sampling

    n=3
 bosons

   

P(s1,...,sm)=per(U)

Input: propagation on the chip 
with m=8 modes

O(n!) elements

|1, 1, 1, 0, 0, 0, 0, 0i

l = 120

possible outcomes

l =

✓
m+ n� 1

n

◆

Output 3-photon state:

|s1, s2, . . . , smi
mX

j=1

sj = 3

(56)

(56)
(8)

permanent of n x n matrix



Computational complexity 
of the permanent

How complex is the calculation of the permanent of a n x n matrix?

det(A) =
X

�2Sn

sgn(�)
nY

i=1

ai,�(i)per(A) =
X

�2Sn

nY

i=1

ai,�(i)

Determinant, fermionsPermanent, bosons

can be computed in poly(n) timefaster algorithms scale as O(n 2n)

No linear transformations can map the 
permanent to a determinant

The sgn permits the 
application of linear 

algebra theorems

No linear algebra rules 
can be exploited to 

simplify the calculation



Approximation of the Permanent 
Complexity classes and the collapse 

of the polynomial hierarchy

P#P: counting problems associated to decision ones in NP
BQP: solvable in polynomial time by a quantum computer

PH: union of all classes in the polynomial hierarchy
BPPNP: solvable in polynomial time by randomized algorithms 

with an oracle for a problem in NP
BPP: solvable in polynomial time by randomized algorithms

HARDNESS CONJECTURE (S. Aaronson 
and A. Arkhipov, Proceedings of ACM 

STOC 2011, 333-342)

If the Boson Sampling problem could be 
(even approximately) solved by a classical 

algorithm in poly(n) times

Collapse of the polynomial hierarchy!

FACTORINGPERMANENT

Based on two conjectures on the 
computational complexity of the 
permanent of a Gaussian matrix



#P computational complexity 
and the permanenT

#P Class: includes the sets of counting problems associated to a decision problem in NP

Counts the number of solutions 
satisfying a certain constraint

Decision problems solvable with a 
non-deterministic Turing machine

Turing machine where the 
transition rule is not single-valued

Machine state and the tape symbol 
do not uniquely determine the next 

step of the machine

Permanent of a Matrix with {0,1} 
entries: #P-complete problem 

(Valiant, 1979)

Every problem in #P can be 
reduced to the permanent of a {0,1} 
entries matrix in polynomial time

Permanent of a Matrix with N(0,1) gaussian entries: #P-hard problem



Boson Sampling

T. Ralph, News & Views, Nature Photonics 7, 514 (2013)

« Small-scale quantum computers made from an array of interconnected 
waveguides  on a glass chip can now perform a task that is considered hard to 

undertake  on a large scale by classical means. »



Boson Sampling







Boson Sampling: chip

Reck, et al., PRL 73, 58 (1994)



Boson Sampling: chip

Reck, et al., PRL 73, 58 (1994)



Geometry for arbitrary 
unitaries

Randomly sampled matrix

Reconstructed matrix

Gate fidelity: 

Characterization of  the unitary



A. Crespi, R. Osellame, R. Ramponi, D. J. Brod, E. F. Galvao, N. Spagnolo, C. Vitelli, E. Maiorino, P. 
Mataloni, F. Sciarrino, Integrated multimode interferometers with arbitrary designs for photonic boson 
sampling, Nature Photonics 7, 545 (2013).



Boson Sampling: apparatus

A. Crespi, R. Osellame, R. Ramponi, D. J. Brod, E. F. Galvao, N. Spagnolo, C. Vitelli, E. Maiorino, P. 
Mataloni, F. Sciarrino, Integrated multimode interferometers with arbitrary designs for photonic boson 
sampling, Nature Photonics 7, 545 (2013).



Experimental Boson Sampling



Boson Sampling in a 13-mode device

Input: (6,7,8) Output: 286 different 
possible no-bunching 

configurations

91 different fabrication phases

N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. 
Ramponi, P. Mataloni, R. Osellame, E. F. Galvao, and F. Sciarrino, Nature Photonics 8, 614 (2014) 

Similar experiment in Bristol: J. Carolan, et al., Nature Photonics 8, 619 (2014)   



Boson Sampling in a 13-mode device

Input: (6,7,8) Output: 286 different 
possible no-bunching 

configurations

91 different fabrication phases

N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. 
Ramponi, P. Mataloni, R. Osellame, E. F. Galvao, and F. Sciarrino, Nature Photonics 8, 614 (2014) 

Similar experiment in Bristol: J. Carolan, et al., Nature Photonics 8, 619 (2014)   

IS BOSON SAMPLING CORRECT ?!?



Validation of the  Boson Sampling output

Validation against the uniform 
distribution

Boson Sampling:  
hard problem with classical 

computer 

but may be very hard also to 
validate/certify! 

We need to develop different 
methodologies to validate/

certify the output 

N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. 
Ramponi, P. Mataloni, R. Osellame, E. F. Galvao, and F. Sciarrino, Nature Photonics 8, 614 (2014) 

Similar experiment in Bristol: J. Carolan, et al., Nature Photonics 8, 619 (2014)   



Validation of Boson Sampling....

Boson Sampling: hard problem with classical computer 

but may be very hard also to validate/certify!! 

Two sources of hard computability:  permanent calculation and 
 the exponential growth of the Hilbert space  



Validation of Boson Sampling....

Can we discriminate the Boson Sampling distribution from the 
Uniform Distribution efficiently, hence without requiring an 

exponential number of measurements ?

C. Gogolin, M. Kliesch, L. Aolita, J. Eisert, arXiv:1306.3995 (2013)

Boson Sampling: hard problem with classical computer 

but may be very hard also to validate/certify!! 

Two sources of hard computability:  permanent calculation and 
 the exponential growth of the Hilbert space  



Distinguishing Boson Sampling from Uniform

C. Gogolin, M. Kliesch, L. Aolita, J. Eisert, arXiv:1306.3995 (2013)

Black box settings:

Symmetric algorithms:

the two distribution cannot be distinguished efficiently

no information on the system including the unitary

decision depends only on the outcome frequencies  
and not on the labels of the collected samples

Can we discriminate the Boson Sampling distribution from the Uniform 
Distribution efficiently (hence without requiring an exponential number of 
measurements) ?



Distinguishing Boson Sampling from Uniform

C. Gogolin, M. Kliesch, L. Aolita, J. Eisert, arXiv:1306.3995 (2013)

Black box settings:

Symmetric algorithms:

the two distribution cannot be distinguished efficiently

The unitary U and the input state 
are known problem parameters

The adoption only of symmetric 
algorithms is too restrictive

Can we efficiently distinguishing the BosonSampling distribution from a 
Uniform distribution by exploiting information on the unitary?

no information on the system including the unitary

decision depends only on the outcome frequencies  
and not on the labels of the collected samples

Can we discriminate the Boson Sampling distribution from the Uniform 
Distribution efficiently (hence without requiring an exponential number of 
measurements) ?



Distinguishing Boson Sampling from Uniform
Can we efficiently distinguishing the BosonSampling distribution from a 
Uniform distribution by exploiting information on the unitary? 

Validation stage

BosonSampling input 

S. Aaronson and A. Arkhipov, arXiv:1309.7460 (2013)

The algorithm: for each outcome , input

Define Calculate If BosonSampling
Else UniformSampler

computationally efficient



Experimental Results - 1

The BosonSampling distribution can be efficiently discriminated from the Uniform 
N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. 

Ramponi, P. Mataloni, R. Osellame, E. F. Galvao, and F. Sciarrino, Nature Photonics 8, 614 (2014) 
Similar experiment in Bristol: J. Carolan, et al., Nature Photonics 8, 619 (2014)   



Experimental Results - 2
5-mode interferometer

7-mode interferometer

9-mode interferometer

>95% success probability achieved 
with sample size of N~100 data

N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. 
Ramponi, P. Mataloni, R. Osellame, E. F. Galvao, and F. Sciarrino, arXiv:1311.1622 (2013)



Validation of Boson Sampling in a 13-mode device

Input: (6,7,8)

Output: 286 different possible no-
bunching configurations

91 different fabrication phases

Validation against the uniform 
distribution

>95% success probability achieved 
with sample size of N~100 data



Validation of Boson Sampling 



Distinguishing Boson Sampling from alternative distributions

N. Spagnolo, C. Vitelli, M. Bentivegna, D. J. Brod, A. Crespi, F. Flamini, S. Giacomini, G. Milani, R. 
Ramponi, P. Mataloni, R. Osellame, E. F. Galvao, and F. Sciarrino, arXiv:1311.1622 (2013) 

Nature Photonics (in press)

Further Step: can we discriminate the BosonSampling distribution from Alternative 
distribution?

Example: Indistinguishable Bosons vs Distinguishable Bosons

a) 7-mode interferometer

Strategy: Compare outcome-by-outcome the probabilities between the two cases 
and assign the event (up to a threshold) to the cases with higher probability

Requires calculating permanents Does not require calculating the 
whole distribution





Scattershot Boson Sampling

Generalization of  Boson 
Sampling problem with  

computational complexity

Corresponds to sampling both from 
the input and the output modes 

Potential huge increase 
of the brightness of the quantum 

hardware 



Hardness of Scattershot Boson Sampling:

Conventional Boson Sampling, n photons

p = probability of generating a photon pair in a single source  
(typical values p=0.01-0.015)

probability of generating the n-photon input

Scattershot Boson Sampling, n-photon term
probability of generating one of the  
n-photon input configurations

number of possible output configurations

Total generation rate:

 as hard as the conventional  
Boson Sampling

A. P. Lund, A. Laing, S. Rahimi-Keshari, T. Rudolph, J. L. O’Brien, T. C. Ralph, Phys. Rev. Lett. 113, 100502 (2014) 

Corresponds to sampling both from the input and the output

Scattershot Boson Sampling



“Conventional” Boson Sampling
n bosons evolving in m modes,  

random Unitary,  
fixed input state

Sampling from the output distribution

Photonic implementations  based on parametric down-conversion sources

Probability of producing n photons 
 drops exponentially in n

Is it possible to devise a generalized Boson Sampling problem?

Probabilistic process
Low process efficiency, gain must be kept low 

 to prevent multi-photon events

Same computational complexity of conventional Boson Sampling

Scalability of down conversion







Experimental scattershot boson sampling



M. Bentivegna, N. Spagnolo, C. Vitelli, F. Flamini, N. Viggianiello, L. Latmiral, P. Mataloni, D. J. Brod, E. F. Galvao, A. 
Crespi, R. Ramponi, R. Osellame, and F. Sciarrino,  
“Experimental scattershot boson sampling”, Science Advances 1, e1400255 (2015).



Experimental setup: preparation 



M. Bentivegna, N. Spagnolo, C. Vitelli, F. Flamini, N. Viggianiello, L. Latmiral, P. Mataloni, D. J. Brod, E. F. Galvao, A. 
Crespi, R. Ramponi, R. Osellame, and F. Sciarrino,  
“Experimental scattershot boson sampling”, Science Advances 1, e1400255 (2015).



Experimental setup: chip and detection 



M. Bentivegna, N. Spagnolo, C. Vitelli, F. Flamini, N. Viggianiello, L. Latmiral, P. Mataloni, D. J. Brod, E. F. Galvao, A. 
Crespi, R. Ramponi, R. Osellame, and F. Sciarrino,  
“Experimental scattershot boson sampling”, Science Advances 1, e1400255 (2015).



Experimental setup: generation 



Experimental setup: preparation 



Experimental setup: chip and detection 



Scattershot – sampling with random input 



Validation of Scattershot Boson Sampling 



Witness of  genuine multi-photon 
interference

Is it possible to derive a witness able to identify true-many photon interference 
occurring in Boson Sampling ?



Quantum certification of Boson Sampling.. 

Theoretical proposal  - Stringent and efficient assessment of Boson-Sampling devices 
                                     M. Tichy, K. Mayer, A. Buchleitner, K. Mølmer, PRL 113, 020502 (2014) 
  

Boson Sampling with random unitaries:  
output states hard to predict.. 

Fourier matrices with m modes: 

Quantum suppression law (forbidden output state)  
generalization of the Hong-Ou-Mandel effect to multiport device 

1) Efficient approach for increasing n and m 
    - many output states are suppressed 
   - computationally easy to predict which states are suppressed 
2) Stringent approach 
   - genuine n-photon quantum interference

Is it possible to derive a witness able to identify true-many photon interference 
occurring in Boson Sampling ?



4 modes 
Fast Fourier 
Transform

8 modes 
Fast Fourier 
Transform

Implementation of Fast Fourier Transform  
with 3D-integrated photonics

Crespi, Osellame, Ramponi, Bentivegna, Flamini, Spagnolo, Viggianiello, Innocenti, Mataloni, and Sciarrino 
Quantum suppression law in a 3-D photonic chip implementing the Fast Fourier Transform,  
Nature Communications  7, 10469 (2016).



4 modes 
Fast Fourier 
Transform

8 modes 
Fast Fourier 
Transform

Implementation of Fast Fourier Transform  
with 3D-integrated photonics



  
Scalable approach for the implementation of  fast Fourier transform  

using 3-D photonic integrated interferometers 
fabricated  via femtosecond laser writing technique.  

4 modes 
Fast Fourier 
Transform

8 modes 
Fast Fourier 
Transform

Implementation of Fast Fourier Transform  
with 3D-integrated photonics

Crespi, Osellame, Ramponi, Bentivegna, Flamini, Spagnolo, Viggianiello, Innocenti, Mataloni, and Sciarrino 
Quantum suppression law in a 3-D photonic chip implementing the Fast Fourier Transform,  
Nature Communications  7, 10469 (2016).





4 modes 
Fast Fourier 
Transform

8 modes 
Fast Fourier 
Transform

Implementation of Fast Fourier Transform  
with 3D-integrated photonics

Injection of cyclic input states

For n  = 2 and m  = 8 there are 4 
possible (collision-free) cyclic inputs:

(1,0,0,0,1,0,0,0), (0,1,0,0,0,1,0,0), 
(0,0,1,0,0,0,1,0), (0,0,0,1,0,0,0,1)

 Suppression of  all output non-
cyclic output states!

Quantum suppression law

Crespi, Osellame, Ramponi, Bentivegna, Flamini, Spagnolo, Viggianiello, Innocenti, Mataloni, and Sciarrino 
Quantum suppression law in a 3-D photonic chip implementing the Fast Fourier Transform,  
Nature Communications  7, 10469 (2016).



Quantum certification of Boson Sampling 

Quantum suppression of  a large number of  output states  
with 4- and 8- mode optical circuits: the experimental results demonstrate 

genuine quantum interference between the injected photons

n=2 photons over 8 modes Fast Fourier Transform

16 suppressed states over 28 output states



Paper Group Contents Validation

Science 339, 794 (2013) Brisbane, Boston n=2,3 photons, m=6 modes - fiber  
optics 

No

Science 339, 798 (2013) Oxford
n=3 photons, m=6 modes 

+ n=4 photons with (lower complexity) 
bunched input

No

Nat. Photon. 7, 540 (2013) Vienna, Jena n=3 photons, m=5 modes No

Nat. Photon. 7, 548 (2013) Roma, Milano, 
Niteroi

n=3 photons, m=5 modes 
Haar-Random unitary No

PRL 111, 130503 (2013) Roma, Milano, 
Niteroi

Bosonic Birthday paradox, and 
verification of full-bunching law No

Nat. Photon. 8, 615 (2014) Roma, Milano, 
Niteroi

n=3 photons, m=5,7,9,13 modes 
validation tests

Uniform distribution, 
distinguishable particles

Nat. Photon. 8, 621 (2014) Bristol
n=3 + n=4,5 photons (subtracting 

bunching), m=21 qwalk 
n=3 photons in m=9 Haar Unitary

Uniform distribution, 
distinguishable particles

Phys. Rev. X 5, 041015 
(2015) Vienna, Jena

investigation on complexity with partial 
photon distinguishability,  

n=3 photons, m=5 modes
No

Science Advances 1, 
e1400255 (2015)

Roma, Milano, 
Niteroi

n=3 photons, m=9,13 modes 
scattershot of 8 input states

Uniform distribution, 
distinguishable particles

Science 349, 711 (2015) Bristol
implementation of 6x6 fully 

reconfigurable circuit, Haar-random. 
n=3: zero-transmission in Fourier matrix 

n=6 with bunched input (2 modes)

Distinguishable particles

Nature Communications  7, 
10469 (2016). Roma, Milano

n=2 photons, m=4,8 modes 
suppression law in Fourier matrix with 

scalable 3D architecture

Distinguishable particles, 
mean-field state



Next platform… 
hybrid integrated quantum photonics

arXiv: 1510.06499



Summary 

Integrated devices

Polarization 
independent

Polarization 
dependent

Beam Splitter CNOT

Phys. Rev. Lett. 
105, 200503 (2010)

Nat. Comm. 
2, 566  
(2011)

Quantum simulation

Ordered 
systems

Disordered 
Systems 
Phase 
Control

Phys. Rev. Lett. 
108, 010502 (2012)

Nat. Phot.  
7, 322  
(2013)

Bosons Sampling 
and Birthday Paradox PRL  

111, 130503 
 (2013)

3D devices

Nat. Com. 4, 1606 
(2013)

Boson Sampling 
On chip Integrated tritter Sc. Reports 2,  

862 (2012)

3d interferometry

Integrated waveplates
Nat. Com. 5, 2549 

(2014)Nat. Phot. 8, 614 
(2014)

Nat. Phot. 7, 545 (2013)

Validation 

Science Advances 1, 
e1400255 (2015).


