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†
2 + h.c.



Hamiltonian simulation

Res 1: H simulates H 0 e�ciently ,
s1 + s2 � s01 + s02

&

s1 � s2 � s01 � s02

Unless s1 = ±s2, every H can simulate any other H 0
of the same form,

including for s01 = ±s02.
Unless s1 = ±s2, every H can simulate any other H 0

of the same form,

including for s01 = ±s02.form,

H ! s1x̂1x̂2 + s2p̂1p̂2

s1 = s2

H / â†1â
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†
2 + h.c.

s1 = �s2
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As we show in the following, any interaction described
by some Hamiltonian H where s1 ̸= |s2| together with lo-
cal rotations is sufficient to realize any unitary operation
of the form exp(iG), where G is a quadratic expression
in the operators Xk, Pk. That is, any Gaussian unitary
transformation of the two modes can be obtained. This
implies, that any desired pure Gaussian state can be “en-
gineered” starting from any given (pure Gaussian) input
state.

As we show in Appendix B, any U = exp(−iG) can be
decomposed as

U = (V5 ⊗ W5)Ubs(t5) (V4 ⊗ W4) ×
×Utms(t4) (V3 ⊗ W3)Ubs(t3) (V2 ⊗ W2) Utms(t2) ×
× (V1 ⊗ W1)Ubs(t1) (V0 ⊗ W0) ,

(29)
where all (Vi ⊗ Wi) are local rotations, Ubs(ti) is a beam-
splitter and Utms(ti) a two-mode squeezing operation as
defined in Eqs. (27) and (28). Since all Hamiltonians
with s1 ̸= |s2| can be used to simulate beam-splitters and
two-mode squeezers one can reach any desired unitary U
and therefore also any desired Gaussian state.

IV. ENTANGLEMENT AND SQUEEZING

In the previous section we characterized the time-
evolutions on the joint system which can be realized using
a given interaction Hamiltonian of the form (1) and the
control operations provided by Eq. (2). In this section
we determine the optimal way to use these tools for the
generation of entanglement and squeezing between the
two subsystems in both, the infinitesimal and the finite
regime.

Our derivations make extensive use of the formalism of
Gaussian states and operations. The necessary concepts
and notation are introduced in section IVA and then
put to work in the cases of infinitesimal (IVB) and finite
(IVC) times.

A. State Transformations and Measures of
Entanglement and Squeezing

We show here how Gaussian states evolve under a gen-
eral quadratic Hamiltonian and then introduce some en-
tanglement and squeezing measures for Gaussian states.

1. State Transformation

A quadratic interaction Hamiltonian (1) characterized
by a matrix K as in Eq. (8) generates a linear time-
evolution of the X and P operators. Solving the Heisen-

berg equations for R⃗ = (X1, P1, X2, P2)T we find

R⃗(t) = eMtR⃗(0) = S(t)R⃗(0), (30)

where

M =

(
0 L
L̃ 0

)
, (31)

with

L =

(
c b
−a −d

)
= JT K, and L̃ = −JLT JT = JT KT ,

(32)
where

J =

(
0 −1
1 0

)
. (33)

Note that for 0 ̸= − det(L) =: α we have L̃ = αL−1.
Using the fact that M2 = α we can easily re-express
Eq. (30) and find

S(t) = cosh(
√

αt) + sinh(
√

αt)/
√

αM. (34)

Thus, every evolution generated by a Hamiltonian (1)
is uniquely characterized by a symplectic transformation
S(t) of the form (34). Note that any such transformation
can be written in its standard form

S(t) = cosh(
√

αt)(O1⊕O2)

⎛

⎜⎝

1 0 h1 0
0 1 0 −h2

h2 0 1 0
0 −h1 0 1

⎞

⎟⎠ (O1⊕O2)
T ,

(35)
where O1, O2 ∈ SO(2, ) perform the restricted singular
value decomposition of L, and hk = tanh(

√
αt)/

√
αsk,

where sk are the restricted singular values of L, which
clearly coincide with those of K. In particular the Hamil-
tonian H0 = X1X2 of Eq. (3) generates an time-evolution
described by the symplectic matrix

S0(t) =

⎛

⎜⎝

1 0 0 0
0 1 −t 0
0 0 1 0
−t 0 0 1

⎞

⎟⎠ , (36)

i.e. α = 0, (s1, s2) = (1, 0), and O1 = J [see (33)] and
O2 = − .

In the Schrödinger picture a linear time-evolution as
in (30) transforms the CM γ as

γ(t) = S(t)γS(t)T . (37)

In the next subsection we address the case of very short
interaction time, i.e., we consider S(δt) for an infinitesi-
mally short time step δt. In this case we obtain

S(δt) = + δtM, (38)

and the correlation matrix γ(t) transforms to first order
as

γ(t + δt) = γ(t) + δt[Mγ(t) + γ(t)MT ]. (39)
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As showed by Kraus et al., the Hamiltonian (3) can
simulate any Hamiltonian (1). In particular, HAL can
be used to implement a beam splitter and a two-mode
squeezer. This is very appealing since it suggests that,
for instance, the storage of the quantum state of light into
atoms and the subsequent readout of the quantum mem-
ory – the transfer of quantum state of atoms onto light –
can be implemented in a unitary way if the Hamiltonian
(3) is used to simulate a beam splitter.

However, currently there are technical difficulties that
will complicate the actual practical realization of this
procedure. The effective unitary transformation (2) de-
scribes the modification of the polarization state of the
light pulse after the passage through the atomic sample
due to its coupling with atoms. This means that the
Hamiltonian simulation requires several passages of the
light pulse through the atomic sample (c.f. the detailed
description of the simulation protocol in Sec. II). In cur-
rently envisaged experiments, the pulse width must be
at least 1 µs [21] which corresponds to the length 300
m. This long pulse would have to be stored somewhere
(e.g. in an optical fiber) until its tail leaves the atomic
sample. Only then can the pulse (with properly applied
phase shifts) be fed to the atomic sample again.

These practical considerations imply that the approach
relying on the infinitesimal time simulation is not very
convenient from the experimental point of view. It is
possible to simulate a gate by concatenating a large se-
quence of short-time Hamiltonian simulations but this
would require a large number of manipulations and pas-
sages of the light pulse through the sample. Since, in
practice, every round of the gate synthesis procedure is
necessarily accompanied by some losses and other errors,
the accumulation of the errors would negatively influence
the simulation.

In this paper, we show how to implement several im-
portant two-mode interactions with the Hamiltonian (1)
such that the number of the applications of the Hamilto-
nian (1) is minimized. We demonstrate that only three
sequences of evolution governed by Hamiltonian H , inter-
spaced by (fast) local phase shifts on both subsystems,
suffice to implement a two-mode squeezer and a beam
splitter. For the specific Hamiltonian (3) we also design
a single-mode squeezing gate that involves four evolu-
tion steps. These results illustrate that several important
quantum information processing tasks such as entangling
the light and collective atomic spin, or a transfer of the
quantum state of light into atomic clouds and vice versa,
can be carried out with a small number of repeated pas-
sages of the light pulse through the atomic sample.

This paper is structured as follows. In Sec. II we in-
troduce the notation, the canonical form of the interac-
tion Hamiltonian (1) and we describe the gate simulation
protocol. In Sec. III, we consider the simple interaction
Hamiltonian (3) and we show how to implement the two-
mode squeezing operation, beam splitter transformation
and also single-mode squeezing as a sequence of three (or
four) intervals of evolution governed by Hamiltonian (3)

combined with local phase shift operations. In Sec. IV
we extend this analysis to the generic interaction Hamil-
tonians (1). Finally, Sec. V contains conclusions.

II. DESCRIPTION OF THE SIMULATION
PROTOCOL

In this section we describe the simulation protocol.
The gate synthesis consists of a sequence of N intervals
of evolution governed by the Hamiltonian H followed by
local unitary phase shift transformations. The resulting
unitary gate G is given by

G = V †
Ne−iHtN VN . . . V †

2 e−iHt2V2V
†
1 e−iHt1V1. (4)

The local phase shift operation applied to modes A and
B reads

Vj = e−iφjAa†a ⊗ e−iφjBb†b, (5)

where a and b are the annihilation operators of modes A
and B, respectively. Note that V †

j+1Vj is still of the form
(5), with φA = φjA − φj+1,A and φB = φjB − φj+1,B .
With the help of the useful identity

U † exp(−iHt)U = exp(−iU †HUt) (6)

we can rewrite Eq. (4) as

G = e−iHN tN . . . e−iH2t2e−iH1t1 , (7)

where Hj = V †
j HVj .

The Hamiltonian (1) is characterized by four parame-
ters. However, by means of local rotations, we can always
transform this Hamiltonian to a diagonal form

Hc = c1xApB + c2pAxB , (8)

where c1 = σ1 and c2 = σ2det[C]/| det[C]|, and σ1 and σ2

are the singular values of the matrix C defined as (C)ij =
cij [13]. In close analogy to the qubit case [2], we may
refer to Hc as the canonical form of H . Mathematically,
we have

exp(−iHct) = Ṽ † exp(−iHt)Ṽ , (9)

where Ṽ is a local rotation (5). This shows that, without
loss of generality, we may assume that H has the canon-
ical form (8). In particular, it follows that H is able to
simulate an arbitrary H ′ (1) if and only if Hc is able to
simulate an arbitrary canonical Hamiltonian (8).

In Eq. (5) the phase shifts φj may be arbitrary. In
what follows, we focus on the phase shifts that preserve
the canonical form of H . There are four inequivalent
possibilities:
(a) φA = 0, φB = 0,

H1 = c1xApB + c2pAxB. (10)

Û(t) = [Vn ⌦Wn]⇧
n�1
k=0

⇣
Û(tk+1)[Vk ⌦Wk]

⌘
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2

As showed by Kraus et al., the Hamiltonian (3) can
simulate any Hamiltonian (1). In particular, HAL can
be used to implement a beam splitter and a two-mode
squeezer. This is very appealing since it suggests that,
for instance, the storage of the quantum state of light into
atoms and the subsequent readout of the quantum mem-
ory – the transfer of quantum state of atoms onto light –
can be implemented in a unitary way if the Hamiltonian
(3) is used to simulate a beam splitter.

However, currently there are technical difficulties that
will complicate the actual practical realization of this
procedure. The effective unitary transformation (2) de-
scribes the modification of the polarization state of the
light pulse after the passage through the atomic sample
due to its coupling with atoms. This means that the
Hamiltonian simulation requires several passages of the
light pulse through the atomic sample (c.f. the detailed
description of the simulation protocol in Sec. II). In cur-
rently envisaged experiments, the pulse width must be
at least 1 µs [21] which corresponds to the length 300
m. This long pulse would have to be stored somewhere
(e.g. in an optical fiber) until its tail leaves the atomic
sample. Only then can the pulse (with properly applied
phase shifts) be fed to the atomic sample again.

These practical considerations imply that the approach
relying on the infinitesimal time simulation is not very
convenient from the experimental point of view. It is
possible to simulate a gate by concatenating a large se-
quence of short-time Hamiltonian simulations but this
would require a large number of manipulations and pas-
sages of the light pulse through the sample. Since, in
practice, every round of the gate synthesis procedure is
necessarily accompanied by some losses and other errors,
the accumulation of the errors would negatively influence
the simulation.

In this paper, we show how to implement several im-
portant two-mode interactions with the Hamiltonian (1)
such that the number of the applications of the Hamilto-
nian (1) is minimized. We demonstrate that only three
sequences of evolution governed by Hamiltonian H , inter-
spaced by (fast) local phase shifts on both subsystems,
suffice to implement a two-mode squeezer and a beam
splitter. For the specific Hamiltonian (3) we also design
a single-mode squeezing gate that involves four evolu-
tion steps. These results illustrate that several important
quantum information processing tasks such as entangling
the light and collective atomic spin, or a transfer of the
quantum state of light into atomic clouds and vice versa,
can be carried out with a small number of repeated pas-
sages of the light pulse through the atomic sample.

This paper is structured as follows. In Sec. II we in-
troduce the notation, the canonical form of the interac-
tion Hamiltonian (1) and we describe the gate simulation
protocol. In Sec. III, we consider the simple interaction
Hamiltonian (3) and we show how to implement the two-
mode squeezing operation, beam splitter transformation
and also single-mode squeezing as a sequence of three (or
four) intervals of evolution governed by Hamiltonian (3)

combined with local phase shift operations. In Sec. IV
we extend this analysis to the generic interaction Hamil-
tonians (1). Finally, Sec. V contains conclusions.

II. DESCRIPTION OF THE SIMULATION
PROTOCOL

In this section we describe the simulation protocol.
The gate synthesis consists of a sequence of N intervals
of evolution governed by the Hamiltonian H followed by
local unitary phase shift transformations. The resulting
unitary gate G is given by

G = V †
Ne−iHtN VN . . . V †

2 e−iHt2V2V
†
1 e−iHt1V1. (4)

The local phase shift operation applied to modes A and
B reads

Vj = e−iφjAa†a ⊗ e−iφjBb†b, (5)

where a and b are the annihilation operators of modes A
and B, respectively. Note that V †

j+1Vj is still of the form
(5), with φA = φjA − φj+1,A and φB = φjB − φj+1,B .
With the help of the useful identity

U † exp(−iHt)U = exp(−iU †HUt) (6)

we can rewrite Eq. (4) as

G = e−iHN tN . . . e−iH2t2e−iH1t1 , (7)

where Hj = V †
j HVj .

The Hamiltonian (1) is characterized by four parame-
ters. However, by means of local rotations, we can always
transform this Hamiltonian to a diagonal form

Hc = c1xApB + c2pAxB , (8)

where c1 = σ1 and c2 = σ2det[C]/| det[C]|, and σ1 and σ2

are the singular values of the matrix C defined as (C)ij =
cij [13]. In close analogy to the qubit case [2], we may
refer to Hc as the canonical form of H . Mathematically,
we have
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =
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The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =
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. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

†
†



The best we can do?

3

(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
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H1 and H2 are available. Furthermore, we can see that
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transformations of the form exp(−iH1t) and exp(−iH2t)
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±H2 and the simulation is not possible correspond to
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Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
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ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read
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matrices Sj as follows,
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where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =
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cosφ sin φ
− sinφ cosφ
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We show that this transformation can be implemented
as a sequence of three evolutions (18),
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H3 = −H1 and H4 = −H2, hence we can implement any
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ulation protocol, we may proceed to the unitary gate
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tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,
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We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
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the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
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has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =
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matrices Sj as follows,
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where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
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In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =
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cosφ sin φ
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. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,
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We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =
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matrices Sj as follows,
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where S is the matrix associated with the gate G. Since
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three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =
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We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

3

(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
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synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
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ers and another passive interferometer — the so-called
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of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
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these conditions we can express the matrix R in terms of
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R = (S−1)T , (17)
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Our task is to implement two-mode unitary gates
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number of unitary transformations generated by the
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ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
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This decoupling of x and p quadratures greatly simplifies
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these conditions we can express the matrix R in terms of
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R = (S−1)T , (17)
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Our task is to implement two-mode unitary gates
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of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =
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1 t
0 1
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. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =
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1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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(b) φA = π/2, φB = 3π/2,
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H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1
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, S2(t) =
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1 t
0 1
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. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =
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1 0
t 1

"

, S2(t) =
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0 1
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. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =
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cosφ sin φ
− sinφ cosφ
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. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
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±H2 and the simulation is not possible correspond to
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Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

3

(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

With this at hand:

Beam-Splitter:  synthesised with 3 applications 

Two-mode squeezer:  synthesised with 3 applications 

†
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

mH1 = xApB

H2 = pAxB
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

3

(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)

With this at hand:

Beam-Splitter:  synthesised with 3 applications 

Two-mode squeezer:  synthesised with 3 applications 

Single-mode squeezer:  synthesised with 4 applications 
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =
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The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =
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cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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With this at hand:

Beam-Splitter:  synthesised with 3 applications 

Two-mode squeezer:  synthesised with 3 applications 

Single-mode squeezer:  synthesised with 4 applications 

Cheap!!!!
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accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.

The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
!

i=x,y

ωib̂
†
i b̂i + ωegσ̂+σ̂− +

2
!

i=1

"

ĝiσ̂+ + ĝ†i σ̂−
#

. (1)

Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as

H ≃
!

j=x,y

ωj b̂
†
j b̂j −

g1g2

∆1

∞
!

n,m=0

∞
!

p,q=0

(iη′x)n+m

n!m!

×
(iη′y)p+q

p!q!
b̂†nx b̂m

x b̂†py b̂q
ye−iδ12t−iφ + h.c.

(2)

where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
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describe the coupling scheme used in our proposal and
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nipulation of coherent states. In this context, the gen-
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entangling two-qubit gate that, together with the single-
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sketched in Fig. 1 (a)). The energy scheme is shown in
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minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
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ĝiσ̂+ + ĝ†i σ̂−
#

. (1)

Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
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degrees of freedom are spaced as shown. The lasers are off-
resonance.
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the normal ordering has been absorbed in the Rabi fre-
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are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
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terms in Eq. (2), which we want to be dominant over the
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δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.

The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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remotely, where the Bell state is the joint state of two vi-
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The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
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ĝiσ̂+ + ĝ†i σ̂−
#

. (1)

Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.
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describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.
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the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
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formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
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is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
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sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
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potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
!

i=x,y

ωib̂
†
i b̂i + ωegσ̂+σ̂− +

2
!

i=1

"

ĝiσ̂+ + ĝ†i σ̂−
#

. (1)

Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as

H ≃
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.

The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
!

i=x,y

ωib̂
†
i b̂i + ωegσ̂+σ̂− +

2
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"

ĝiσ̂+ + ĝ†i σ̂−
#

. (1)

Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.

The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
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i b̂i + ωegσ̂+σ̂− +
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as

H ≃
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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FIG. 5: The set-up for a motional state transfer procedure.
Two trapped ions are placed along the x axis of a mono-mode
optical cavity having a standing-wave configuration. The ions
are coupled to the cavity field mode and to two external laser
pulses. The laser fields illuminate the ions along the y direc-
tion. This realizes an effective coupling between the y vibra-
tional modes of the trapped ions.

the ions and are directed along the y-axis. As we will
see, this effectively couples the y modes of the ions.

We assume a standing-wave configuration for the spa-
tial distribution of the cavity field with the ions placed
at the nodes of a cosine function [10, 19]. In a rotating
frame at the frequency ωL1 of the laser EL1 and in the
interaction picture with respect to the free energy of the
resonator, the Hamiltonian of our system reads

Hic =
!

j=x,y

2
!

i=1

ωjib̂
†
ji b̂ji −

g0EL1ηy1

∆1

"

b̂†y1 + b̂y1

#

â†eiδct

− g0EL2ηy2

∆2

"

b̂†y2 + b̂y2

#

â†ei(δc+∆12)t+iφ + h.c.

(6)

Here, δc = ωcavity − ωL1 and ∆12 = ωL1 − ωL2 while
ELi (i = 1, 2) is the Rabi frequency of the interaction be-
tween ion i and laser ELi and φ is the phase-difference
between the lasers. The condition ∆1,2 > EL1, EL2, g0

underlies Eqs. (6), where the electronic excited states of
the ions have been adiabatically eliminated. An intuitive
picture of the dynamics of the system in this set-up is
gained in the overdamped-cavity regime (or bad cavity
limit), where the cavity decay-rate κ is much larger than
any other rate involved in Eq. (6). In this case, the cavity
mode, which is detuned from the ionic transitions, rep-
resents an off-resonant bus that is only virtually excited
by the interactions with the ions and can be eliminated
from the dynamic of the overall system. In a formal
way, we can consider the evolution equation of the cavity
field operator â† and impose that its variations are neg-
ligible within the time-scale set by the effective coupling
Ωi = g0ELiηyi/∆i ( that implies the cavity field mode
has already reached its stationary state). This results in
an effective interaction that, in a rotating frame at the
frequencies of the traps (supposed to be identical for ion

1 and 2), reads

Hrwa
ic ≃ −

2
!

i̸=j,1

g2
0ELiELjηyiηyj

∆i∆jκ

"

b̂†yib̂yje
iφ + b̂†yj b̂yie

−iφ
#

,

(7)
where the condition ∆12 = ωy2 − ωy1 and the Rotat-
ing Wave Approximation (RWA) have been used. This
interaction models a BS operation between motional de-
grees of freedom belonging to spatially separated trapped
ions. This interaction is useful for entanglement genera-
tion and motional state transfer, where the states |ψ⟩y1

and |0⟩y2 are swapped, with |ψ⟩y1 being completely ar-
bitrary. This is exactly what we want to realize for the
purpose of motional state transfer. If the ion crystal is
larger than two units, two specific ions can be connected
by exciting them (and only them) with the laser fields.
The other trapped ions will be unaffected by the coupling.
Once the local interaction between the x and y motional
modes of a specific ion has been performed (according
to a given quantum computing protocol), then the state
of the y mode can be properly transferred to another
ion of the crystal, labelled l, that has been prepared in
|0⟩yl. However, for the sake of realism, in what follows
we pursue the analysis restricted to a two-ion system and
give some more insight in the process of motional state
transfer.

The assumed bad cavity limit is particularly conve-
nient to isolate the dynamics of the motional modes from
that of the bus. Indeed, a full picture of the evolution
of the system is gained by the master equation (in the
interaction picture)

∂tρ = −i [H ′
ic, ρ] + κ

$

2âρâ† −
%

â†â, ρ
&'

= (L̂0 + L̂cav)ρ,
(8)

with ρ the total density matrix of the ion 1+ion 2+cavity
system and, taking δc = ωy1, ∆12 = ωy2 − ωy1, it is

H ′
ic = −

(2
i=1 Ωi(b̂yiâ† + h.c.). We have used the no-

tation L̂0ρ = −i[H ′
ic, ρ]. We now go to a dissipative

picture defined by ρ̃ = e−L̂cavtρ and exploit the relations
L̂cav[â, ρ] = [â, (L̂cav − κ)ρ], L̂cav(âρ) = âL̂cavρ + κâρ
(and analogous for â†) [20]. After some lengthy calcula-
tions, Eq. (8) reduces to

∂tρ̃ = ig0

2
!

i=1

ELiηyi

∆i

)

e−κt[b̂yi, ρ̃]â
† + eκtb̂yi[â

†, ρ̃] − h.c.
*

≡ e−κtL̂1ρ̃+ eκtL̂2ρ̃,
(9)

with L̂1 (L̂2) an effective super-operator obtained by col-
lecting all the terms in Eq. (9) having the e−κt (eκt) pre-
factor. To isolate the vibrational degrees of freedom, we
trace over the cavity mode. We obtain ∂tρv = L̂1(e−κtρ̃),
with ρv = Trcav(ρ̃). This master equation still in-
volves the cavity variables because of the presence of ρ̃.
In order to remove these dependencies, we go back to
Eq. (8), integrate it formally and multiply it by e−κt.
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FIG. 1: (Color online) Scheme of principle of the experimen-
tal setup proposed to test the CSL model. A Fabry-Perot the
optomechanical cavity is pumped by a laser at frequency !0

and strength E . The pump populates a mode of the cavity
filed that is coupled to a vibrating mirror (frequency !m).
A quarter-wave plate (QWP) and a polarising beam-splitter
(PBS) are used to re-direct the light leaking from the cavity
after the interaction with mechanical mirror, which is a↵ected
by both radiation-pressure and the non-linear mechanism re-
sponsible for CSL, to a spectrum analyser. The right-most
pumping field is used to cool the mechanical oscillator to low
temperatures. Zig-zag arrows are used to represent the CSL
mechanism (�) and the Brownian noise (⇠) a↵ecting the me-
chanical oscillator.

in turn be responsible for mechanical Brownian motion.
In addition, we assume a non-linear mechanism to act on
the oscillator, as described by a suitable CM. The setup
is illustrated schematically in Fig. 1. The explicitly open-
system nature of the dynamics undergone by the device
is fully captured by adopting a Langevin formalism to
account for the Brownian noise, the leakage of the cavity
field, the input white noise to the cavity, and the e↵ect
of the CM considered in our analysis. In order to set a
benchmark, we concentrate on the mass-dependent Con-
tinuous Spontaneous Localization (CSL) model, which is
one of the most-studied CMs in literature. The overall
dynamics is thus described by the equation

@
t

Ô =
i

~ [Ĥ, Ô] +
i

~ [V̂t

, Ô] + N̂ (1)

with Ô a generic operator of system, Ĥ the Hamitlonian
relating the coherent part of the evolution, N̂ the con-
tribution due to standard environmental noise, and V̂

t

the instinsic noise accounted for using many-body CSL
theory.

By using Eq. (1) as the building block of our analy-
sis, our goal is to show that signatures of the intrinsic
collapse noise are visible in the density noise spectrum
(DNS) of the mechanical oscillator. In the following, we
assume the mirror to have massm, natural oscillation fre-
quency !

m

, and energy damping rate �
m

. The cavity of
length L sustains a single mode of radiation of frequency
!
c

described by the bosonic annihilation and creation op-
erators â and â†. The external pump has frequency !0

and input power P . In a rotating frame at the frequency

of the external pump, the model Hamiltonian reads

Ĥ = ~(!
c

�!0)â
†â+

1

2
m!

m

q̂2+
p̂2

2m
�~�â†âq̂+i~E(â†�â),

(2)
where q̂ is the position operator of the center-of-mass of
the mechanical mirror, � = !

c

/L is the optomechanical
coupling rate, and E =

p
2P/~!0 quantifies the cavity-

pump coupling ( is the cavity single-photon decay rate).
The interaction term �~�â†âq̂, which puts together the
mechanical mirror and the cavity field, describes the op-
tomechanical coupling under the assumption of large free
spectral range [22]. As illustrated in the Supplementary
Information available at [20], the stochastic linear poten-
tial V̂

t

can be cast into the form

V̂
t

= �~
p
�w

t

q̂, (3)

where w
t

describes white noise characterized by the sta-
tistical properties E(w

t

) = 0, and E(w
t

, w
s

) = �(t � s).
Here E(·) indicates expectation value and E(·, ·) stands
for a correlation function. Moreover [20]
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with %(r) the mass density of the mechanical mirror,
r
C

= 10�7m a characteristic length entering the CSL
model, and � a coe�cient that measures the strength of
the coupling with collapse noise. Ghirardi, Pearle and
Rimini [8] set �GRW ' 10�36m3s�1, while Adler [9] sets
�A ' 10�28m3s�1. Much larger or smaller values are
ruled out [8, 9]. As a benchmark for the quantification
of �, one can consider a homogeneous spherical object of
radius R and mass m. Using Eq. (4), one thus gets

� ⇡ 3�m2

8⇡
3
2m2

0rC R4
(1� e�R

2
/r

2
C ) [m0 = 1amu]. (5)

Let us now get back to Eq. (1). We now have all the in-
gredients to write explicitly as a set of quantum Langevin
equations reading [21]

@
t

q̂ = p̂/m,

@
t

p̂ = �m!2
m

q̂ + ~� â†â� �
m
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,

@
t

â = i(!0 � !
c

)â+ i� q̂ â�  â+
p
2 â

in

.

(6)

where we have introduced the cavity input noise operator
â
in

, the Brownian-motion Langevin operator ⇠̂ (describ-
ing the incoherent motion of the mechanical mirror aris-
ing from the coupling with the background of phononic
modes due to its physical support). These sources of
noise are characterized by the two-time correlators [21]
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FIG. 1: (Color online) Scheme of principle of the experimen-
tal setup proposed to test the CSL model. A Fabry-Perot the
optomechanical cavity is pumped by a laser at frequency !0

and strength E . The pump populates a mode of the cavity
filed that is coupled to a vibrating mirror (frequency !m).
A quarter-wave plate (QWP) and a polarising beam-splitter
(PBS) are used to re-direct the light leaking from the cavity
after the interaction with mechanical mirror, which is a↵ected
by both radiation-pressure and the non-linear mechanism re-
sponsible for CSL, to a spectrum analyser. The right-most
pumping field is used to cool the mechanical oscillator to low
temperatures. Zig-zag arrows are used to represent the CSL
mechanism (�) and the Brownian noise (⇠) a↵ecting the me-
chanical oscillator.

in turn be responsible for mechanical Brownian motion.
In addition, we assume a non-linear mechanism to act on
the oscillator, as described by a suitable CM. The setup
is illustrated schematically in Fig. 1. The explicitly open-
system nature of the dynamics undergone by the device
is fully captured by adopting a Langevin formalism to
account for the Brownian noise, the leakage of the cavity
field, the input white noise to the cavity, and the e↵ect
of the CM considered in our analysis. In order to set a
benchmark, we concentrate on the mass-dependent Con-
tinuous Spontaneous Localization (CSL) model, which is
one of the most-studied CMs in literature. The overall
dynamics is thus described by the equation

@
t
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i

~ [Ĥ, Ô] +
i

~ [V̂t

, Ô] + N̂ (1)

with Ô a generic operator of system, Ĥ the Hamitlonian
relating the coherent part of the evolution, N̂ the con-
tribution due to standard environmental noise, and V̂

t

the instinsic noise accounted for using many-body CSL
theory.

By using Eq. (1) as the building block of our analy-
sis, our goal is to show that signatures of the intrinsic
collapse noise are visible in the density noise spectrum
(DNS) of the mechanical oscillator. In the following, we
assume the mirror to have massm, natural oscillation fre-
quency !

m

, and energy damping rate �
m

. The cavity of
length L sustains a single mode of radiation of frequency
!
c

described by the bosonic annihilation and creation op-
erators â and â†. The external pump has frequency !0

and input power P . In a rotating frame at the frequency

of the external pump, the model Hamiltonian reads
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where q̂ is the position operator of the center-of-mass of
the mechanical mirror, � = !
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/L is the optomechanical
coupling rate, and E =

p
2P/~!0 quantifies the cavity-

pump coupling ( is the cavity single-photon decay rate).
The interaction term �~�â†âq̂, which puts together the
mechanical mirror and the cavity field, describes the op-
tomechanical coupling under the assumption of large free
spectral range [22]. As illustrated in the Supplementary
Information available at [20], the stochastic linear poten-
tial V̂
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can be cast into the form
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where w
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describes white noise characterized by the sta-
tistical properties E(w
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) = �(t � s).
Here E(·) indicates expectation value and E(·, ·) stands
for a correlation function. Moreover [20]
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with %(r) the mass density of the mechanical mirror,
r
C

= 10�7m a characteristic length entering the CSL
model, and � a coe�cient that measures the strength of
the coupling with collapse noise. Ghirardi, Pearle and
Rimini [8] set �GRW ' 10�36m3s�1, while Adler [9] sets
�A ' 10�28m3s�1. Much larger or smaller values are
ruled out [8, 9]. As a benchmark for the quantification
of �, one can consider a homogeneous spherical object of
radius R and mass m. Using Eq. (4), one thus gets
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Let us now get back to Eq. (1). We now have all the in-
gredients to write explicitly as a set of quantum Langevin
equations reading [21]
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where we have introduced the cavity input noise operator
â
in

, the Brownian-motion Langevin operator ⇠̂ (describ-
ing the incoherent motion of the mechanical mirror aris-
ing from the coupling with the background of phononic
modes due to its physical support). These sources of
noise are characterized by the two-time correlators [21]
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in

(t)â†
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FIG. 1: (Color online) Scheme of principle of the experimen-
tal setup proposed to test the CSL model. A Fabry-Perot the
optomechanical cavity is pumped by a laser at frequency !0

and strength E . The pump populates a mode of the cavity
filed that is coupled to a vibrating mirror (frequency !m).
A quarter-wave plate (QWP) and a polarising beam-splitter
(PBS) are used to re-direct the light leaking from the cavity
after the interaction with mechanical mirror, which is a↵ected
by both radiation-pressure and the non-linear mechanism re-
sponsible for CSL, to a spectrum analyser. The right-most
pumping field is used to cool the mechanical oscillator to low
temperatures. Zig-zag arrows are used to represent the CSL
mechanism (�) and the Brownian noise (⇠) a↵ecting the me-
chanical oscillator.

in turn be responsible for mechanical Brownian motion.
In addition, we assume a non-linear mechanism to act on
the oscillator, as described by a suitable CM. The setup
is illustrated schematically in Fig. 1. The explicitly open-
system nature of the dynamics undergone by the device
is fully captured by adopting a Langevin formalism to
account for the Brownian noise, the leakage of the cavity
field, the input white noise to the cavity, and the e↵ect
of the CM considered in our analysis. In order to set a
benchmark, we concentrate on the mass-dependent Con-
tinuous Spontaneous Localization (CSL) model, which is
one of the most-studied CMs in literature. The overall
dynamics is thus described by the equation
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~ [Ĥ, Ô] +
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, Ô] + N̂ (1)

with Ô a generic operator of system, Ĥ the Hamitlonian
relating the coherent part of the evolution, N̂ the con-
tribution due to standard environmental noise, and V̂

t

the instinsic noise accounted for using many-body CSL
theory.

By using Eq. (1) as the building block of our analy-
sis, our goal is to show that signatures of the intrinsic
collapse noise are visible in the density noise spectrum
(DNS) of the mechanical oscillator. In the following, we
assume the mirror to have massm, natural oscillation fre-
quency !

m

, and energy damping rate �
m

. The cavity of
length L sustains a single mode of radiation of frequency
!
c

described by the bosonic annihilation and creation op-
erators â and â†. The external pump has frequency !0

and input power P . In a rotating frame at the frequency

of the external pump, the model Hamiltonian reads
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where q̂ is the position operator of the center-of-mass of
the mechanical mirror, � = !

c

/L is the optomechanical
coupling rate, and E =

p
2P/~!0 quantifies the cavity-

pump coupling ( is the cavity single-photon decay rate).
The interaction term �~�â†âq̂, which puts together the
mechanical mirror and the cavity field, describes the op-
tomechanical coupling under the assumption of large free
spectral range [22]. As illustrated in the Supplementary
Information available at [20], the stochastic linear poten-
tial V̂

t

can be cast into the form

V̂
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q̂, (3)

where w
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describes white noise characterized by the sta-
tistical properties E(w
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) = 0, and E(w
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, w
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) = �(t � s).
Here E(·) indicates expectation value and E(·, ·) stands
for a correlation function. Moreover [20]
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with %(r) the mass density of the mechanical mirror,
r
C

= 10�7m a characteristic length entering the CSL
model, and � a coe�cient that measures the strength of
the coupling with collapse noise. Ghirardi, Pearle and
Rimini [8] set �GRW ' 10�36m3s�1, while Adler [9] sets
�A ' 10�28m3s�1. Much larger or smaller values are
ruled out [8, 9]. As a benchmark for the quantification
of �, one can consider a homogeneous spherical object of
radius R and mass m. Using Eq. (4), one thus gets

� ⇡ 3�m2

8⇡
3
2m2

0rC R4
(1� e�R

2
/r

2
C ) [m0 = 1amu]. (5)

Let us now get back to Eq. (1). We now have all the in-
gredients to write explicitly as a set of quantum Langevin
equations reading [21]
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where we have introduced the cavity input noise operator
â
in

, the Brownian-motion Langevin operator ⇠̂ (describ-
ing the incoherent motion of the mechanical mirror aris-
ing from the coupling with the background of phononic
modes due to its physical support). These sources of
noise are characterized by the two-time correlators [21]

E(⇠̂(t), ⇠̂(t0)) = ~m�
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FIG. 1: (Color online) Scheme of principle of the experimen-
tal setup proposed to test the CSL model. A Fabry-Perot the
optomechanical cavity is pumped by a laser at frequency !0

and strength E . The pump populates a mode of the cavity
filed that is coupled to a vibrating mirror (frequency !m).
A quarter-wave plate (QWP) and a polarising beam-splitter
(PBS) are used to re-direct the light leaking from the cavity
after the interaction with mechanical mirror, which is a↵ected
by both radiation-pressure and the non-linear mechanism re-
sponsible for CSL, to a spectrum analyser. The right-most
pumping field is used to cool the mechanical oscillator to low
temperatures. Zig-zag arrows are used to represent the CSL
mechanism (�) and the Brownian noise (⇠) a↵ecting the me-
chanical oscillator.

in turn be responsible for mechanical Brownian motion.
In addition, we assume a non-linear mechanism to act on
the oscillator, as described by a suitable CM. The setup
is illustrated schematically in Fig. 1. The explicitly open-
system nature of the dynamics undergone by the device
is fully captured by adopting a Langevin formalism to
account for the Brownian noise, the leakage of the cavity
field, the input white noise to the cavity, and the e↵ect
of the CM considered in our analysis. In order to set a
benchmark, we concentrate on the mass-dependent Con-
tinuous Spontaneous Localization (CSL) model, which is
one of the most-studied CMs in literature. The overall
dynamics is thus described by the equation
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Ô =
i

~ [Ĥ, Ô] +
i

~ [V̂t

, Ô] + N̂ (1)

with Ô a generic operator of system, Ĥ the Hamitlonian
relating the coherent part of the evolution, N̂ the con-
tribution due to standard environmental noise, and V̂

t

the instinsic noise accounted for using many-body CSL
theory.

By using Eq. (1) as the building block of our analy-
sis, our goal is to show that signatures of the intrinsic
collapse noise are visible in the density noise spectrum
(DNS) of the mechanical oscillator. In the following, we
assume the mirror to have massm, natural oscillation fre-
quency !

m

, and energy damping rate �
m

. The cavity of
length L sustains a single mode of radiation of frequency
!
c

described by the bosonic annihilation and creation op-
erators â and â†. The external pump has frequency !0

and input power P . In a rotating frame at the frequency

of the external pump, the model Hamiltonian reads
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where q̂ is the position operator of the center-of-mass of
the mechanical mirror, � = !

c

/L is the optomechanical
coupling rate, and E =

p
2P/~!0 quantifies the cavity-

pump coupling ( is the cavity single-photon decay rate).
The interaction term �~�â†âq̂, which puts together the
mechanical mirror and the cavity field, describes the op-
tomechanical coupling under the assumption of large free
spectral range [22]. As illustrated in the Supplementary
Information available at [20], the stochastic linear poten-
tial V̂

t

can be cast into the form

V̂
t
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q̂, (3)

where w
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describes white noise characterized by the sta-
tistical properties E(w

t

) = 0, and E(w
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, w
s

) = �(t � s).
Here E(·) indicates expectation value and E(·, ·) stands
for a correlation function. Moreover [20]
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with %(r) the mass density of the mechanical mirror,
r
C

= 10�7m a characteristic length entering the CSL
model, and � a coe�cient that measures the strength of
the coupling with collapse noise. Ghirardi, Pearle and
Rimini [8] set �GRW ' 10�36m3s�1, while Adler [9] sets
�A ' 10�28m3s�1. Much larger or smaller values are
ruled out [8, 9]. As a benchmark for the quantification
of �, one can consider a homogeneous spherical object of
radius R and mass m. Using Eq. (4), one thus gets
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Let us now get back to Eq. (1). We now have all the in-
gredients to write explicitly as a set of quantum Langevin
equations reading [21]
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m

p̂+ ⇠̂ + ~
p
�w

t

,

@
t
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where we have introduced the cavity input noise operator
â
in

, the Brownian-motion Langevin operator ⇠̂ (describ-
ing the incoherent motion of the mechanical mirror aris-
ing from the coupling with the background of phononic
modes due to its physical support). These sources of
noise are characterized by the two-time correlators [21]
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FIG. 1: (Color online) Scheme of principle of the experimen-
tal setup proposed to test the CSL model. A Fabry-Perot the
optomechanical cavity is pumped by a laser at frequency !0

and strength E . The pump populates a mode of the cavity
filed that is coupled to a vibrating mirror (frequency !m).
A quarter-wave plate (QWP) and a polarising beam-splitter
(PBS) are used to re-direct the light leaking from the cavity
after the interaction with mechanical mirror, which is a↵ected
by both radiation-pressure and the non-linear mechanism re-
sponsible for CSL, to a spectrum analyser. The right-most
pumping field is used to cool the mechanical oscillator to low
temperatures. Zig-zag arrows are used to represent the CSL
mechanism (�) and the Brownian noise (⇠) a↵ecting the me-
chanical oscillator.

in turn be responsible for mechanical Brownian motion.
In addition, we assume a non-linear mechanism to act on
the oscillator, as described by a suitable CM. The setup
is illustrated schematically in Fig. 1. The explicitly open-
system nature of the dynamics undergone by the device
is fully captured by adopting a Langevin formalism to
account for the Brownian noise, the leakage of the cavity
field, the input white noise to the cavity, and the e↵ect
of the CM considered in our analysis. In order to set a
benchmark, we concentrate on the mass-dependent Con-
tinuous Spontaneous Localization (CSL) model, which is
one of the most-studied CMs in literature. The overall
dynamics is thus described by the equation
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, Ô] + N̂ (1)

with Ô a generic operator of system, Ĥ the Hamitlonian
relating the coherent part of the evolution, N̂ the con-
tribution due to standard environmental noise, and V̂

t

the instinsic noise accounted for using many-body CSL
theory.

By using Eq. (1) as the building block of our analy-
sis, our goal is to show that signatures of the intrinsic
collapse noise are visible in the density noise spectrum
(DNS) of the mechanical oscillator. In the following, we
assume the mirror to have massm, natural oscillation fre-
quency !

m

, and energy damping rate �
m

. The cavity of
length L sustains a single mode of radiation of frequency
!
c

described by the bosonic annihilation and creation op-
erators â and â†. The external pump has frequency !0

and input power P . In a rotating frame at the frequency

of the external pump, the model Hamiltonian reads
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where q̂ is the position operator of the center-of-mass of
the mechanical mirror, � = !

c

/L is the optomechanical
coupling rate, and E =

p
2P/~!0 quantifies the cavity-

pump coupling ( is the cavity single-photon decay rate).
The interaction term �~�â†âq̂, which puts together the
mechanical mirror and the cavity field, describes the op-
tomechanical coupling under the assumption of large free
spectral range [22]. As illustrated in the Supplementary
Information available at [20], the stochastic linear poten-
tial V̂

t

can be cast into the form
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where w
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describes white noise characterized by the sta-
tistical properties E(w
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Here E(·) indicates expectation value and E(·, ·) stands
for a correlation function. Moreover [20]
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with %(r) the mass density of the mechanical mirror,
r
C

= 10�7m a characteristic length entering the CSL
model, and � a coe�cient that measures the strength of
the coupling with collapse noise. Ghirardi, Pearle and
Rimini [8] set �GRW ' 10�36m3s�1, while Adler [9] sets
�A ' 10�28m3s�1. Much larger or smaller values are
ruled out [8, 9]. As a benchmark for the quantification
of �, one can consider a homogeneous spherical object of
radius R and mass m. Using Eq. (4), one thus gets
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Let us now get back to Eq. (1). We now have all the in-
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where we have introduced the cavity input noise operator
â
in

, the Brownian-motion Langevin operator ⇠̂ (describ-
ing the incoherent motion of the mechanical mirror aris-
ing from the coupling with the background of phononic
modes due to its physical support). These sources of
noise are characterized by the two-time correlators [21]
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FIG. 1: Sketch of the experimental setup. (a) A cavity is built between the cantilever and a regular concave mirror of 25 mm
focal length and 99.3% reflectivity. The cavity length was slightly shorter than 25 mm such as to obtain a waist of approximately
20 µm at the location of the surface of the cantilever. In this configuration we measured a cavity finesse of 500. To minimize
damping of the mechanical mode due to gas friction, the cavity is placed in a vacuum chamber which is kept at 10−5 mbar.
The cavity is pumped with a Nd:YAG laser at 1064 nm. The beam is phase modulated at 19 MHz (MOD) by a resonant
electro-optic modulator (EOM) before it is injected into the cavity via the input mirror (IM). The beam reflected from the
cavity is sent via a beam splitter (BS) onto a high-speed PIN photodiode (PD). After amplification of the photocurrent, its
AC part is demodulated with the initial modulation frequency to obtain the PDH error signal. This error signal is then used
to feed a low-frequency control loop (PID) to stabilize the cavity length via a piezo actuator. In addition, the error signal
is fed to a spectrum analyzer (SA) to record the dynamics of the mechanical mode. (b) The cantilever is a doubly clamped
free standing Bragg mirror (520 µm long, 120 µm wide and 2.4 µm thick) that has been fabricated by using UV excimer-laser
ablation in combination with a dry-etching process [26]. The reflectivity of the Bragg mirror is 99.6% at 1064 nm. (c) Power
spectrum of the micro-mirror. We have isolated a mechanical mode at 280 kHz with a natural width of 32 Hz, corresponding
to Q ≈ 9000. All measurements presented in this work have been made on this mode.

ω−ω π

 Δ=0

 Δ=0.22 κ

FIG. 2: Power spectrum of the mechanical mode at two different relative detuning levels ∆ of the cavity for an input power of
2 mW. The data is obtained from the PDH power spectrum, which is directly proportional to the displacement power spectrum
of the micro-mirror. Experimental points are taken with the spectrum analyzer, averaged over 30 consecutive measurement
runs. Solid lines are Lorentzian fits to the data. The areas obtained from the fit correspond to temperatures of 300 K and 8
K, respectively.
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FIG. 1. Schematic of model, motional modes, and working
points. (a) System considered: N equidistant elements posi-
tioned in the field of a Fabry–Pérot resonator (we shall con-
sider only the case for which L � Nd). (b) Two examples of
collective motional modes: the center-of-mass mode, and an
example of a ‘breathing’ modes. (c) Free-space reflectivity of
a 5-element array as a function of the element spacing d; the
curve is periodic with period �/2. The intensity reflectivity
of each element is 20% (dotted green line).

lengths [24]) to increase the field density of modes and
thus the coupling between light and mechanics. Our anal-
ysis reveals a regime where, regardless of whether the
scatterers are atoms or mobile dielectrics, the coupling
strength (i) scales superlinearly (_ N

3/2) with the num-
ber of scatterers and (ii) does not saturate as the reflectiv-
ity of the elements approaches unity. This allows in prin-
ciple multi-element opto- or electro-mechanical systems
to reach single-photon optomechanical coupling strengths
orders of magnitude larger than those currently possible,
and does not require wavelength-scale confinement of the
light field. Concomitantly, we show that in this config-
uration (iii) the resonator field couples to a specific col-
lective mechanical mode supporting inter-element inter-
actions that are as long-ranged as the array itself. Since
the model is applicable both to mobile dielectrics, such as
membranes [12] or microspheres [15], and to cold atoms
in an optical lattice [26, 27], this new regime should real-
istically allow for achieving strong single-photon optome-
chanical coupling and realizing quantum optomechanical
interfaces. It also opens up avenues for the exploitation
and engineering of long-ranged cooperative interactions
in optomechanical arrays.

Let us again consider a lossless membrane, of thickness
smaller than a wavelength, placed inside a FP resonator.
This time, we suppose that the membrane has an ampli-
tude reflectivity r, which we parametrize in terms of the
polarizability ⇣ ⌘ �|r|

�p
1� |r|2. The single-photon op-

tomechanical coupling strength is now g

0

= g|r|, which is
maximized to g for large |⇣|, i.e., in the reflective regime
|r| ! 1. In order to illustrate the emergence of collec-
tive optomechanics, we consider now two identical mem-
branes placed symmetrically in the resonator at a dis-
tance d from each other, in the spirit of Fig. 1(a) and
Ref. [21]. As we justify below, the e↵ective polarizabil-
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FIG. 2. Transmission through a cavity with 5 immobile ele-
ments. The dashed lines denote the unperturbed resonances,
which are shifted when the displacement of the sinusoidal
mode, a type of breathing mode [Fig. 1(b)] that is defined
in the text, is nonzero. (⇣ = �0.5, L ⇡ 6.3 ⇥ 104�, d = d�,
bare cavity finesse ⇡ 3⇥ 104.)

ity of the two-element system is found to be of the form
� = 2⇣[cos(kd) � ⇣ sin(kd)] for light having wavenum-
ber k (wavelength �). This e↵ective polarizability, and
thereby the reflectivity, vanishes when d is chosen such
that kd = tan�1(1/⇣) mod ⇡. Assuming this transmis-

sive condition, one can linearize the cavity resonance con-
dition for a small variation �d of the mirror spacing. This
readily gives an optomechanical coupling strength
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of the zero-point motion for this breathing mode. It is
evident that g
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scales more favorably with |r| than g

0

.
One can interpret this result by noting that as the re-
flectivity of the individual elements is increased, the con-
structive interference that is responsible for making the
array transmissive also strongly enhances the dispersive
response of the cavity around this working point. In a
symmetric situation the displacement of a mirror in one
direction will cause the field to adjust so that the other
mirror moves in the opposite direction, thereby balancing
the power impinging on the two mirrors. In this simple
two-element case, the radiation-pressure force thus cou-
ples naturally to a breathing mode [Fig. 1(b)].

I. OPTICAL ‘SUPERSCATTERERS’

To treat the general case of an array of N equally-
spaced elements in free space we make use of the trans-
fer matrix formalism [28] for one-dimensional systems of
polarizable scatterers, and derive the response of the sys-
tem to a propagating light field. As is well-known from
the theory of dielectric mirrors, the reflectivity of the
ensemble can be tuned to have markedly di↵erent be-
haviors at a given frequency [Fig. 1(c)]. An array of
N equally-spaced identical elements, each of polarizabil-
ity ⇣, can be described through a matrix that relates
left- and right-propagating fields on either side of the
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One can interpret this result by noting that as the re-
flectivity of the individual elements is increased, the con-
structive interference that is responsible for making the
array transmissive also strongly enhances the dispersive
response of the cavity around this working point. In a
symmetric situation the displacement of a mirror in one
direction will cause the field to adjust so that the other
mirror moves in the opposite direction, thereby balancing
the power impinging on the two mirrors. In this simple
two-element case, the radiation-pressure force thus cou-
ples naturally to a breathing mode [Fig. 1(b)].
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FIG. 3 Quantum circuit for simulating the three-body
Hamiltonian H = �z

1 ⌦ �z

2 ⌦ �z

3 . The circuit contains six
CNOT gates and utilizes a fourth, ancilla qubit (bottom line)
in order to achieve the desired e↵ective Hamiltonian (Nielsen
and Chuang, 2000).

2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian

H = �z
1 ⌦ �z

2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices

H = ⌦N
l=1 �

↵
l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian

H = �z
1 ⌦ �z

2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices
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Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
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Fourier transform and V
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.
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where �z
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Throughout the paper we denote by �↵
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the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices

H = ⌦N
l=1 �

↵
l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian
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2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices
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l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian
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2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices

H = ⌦N
l=1 �
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l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian
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2 ⌦ · · ·⌦ �z
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where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices
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Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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FIG. 3 Quantum circuit for simulating the three-body
Hamiltonian H = �z

1 ⌦ �z

2 ⌦ �z

3 . The circuit contains six
CNOT gates and utilizes a fourth, ancilla qubit (bottom line)
in order to achieve the desired e↵ective Hamiltonian (Nielsen
and Chuang, 2000).

2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian

H = �z
1 ⌦ �z

2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices

H = ⌦N
l=1 �

↵
l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V

k

= [exp(�i2⇡�
k�1)V̂k�1]

2 (adapted
from (Aspuru-Guzik et al., 2005)).

a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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culation of molecular energies using a recursive phase-
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Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives
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a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state

%̂�(G0

) =
e�� ˆH(G0)

Z(G
0

)
, (1)

where Z(G
0

) = Tr
n

e�� ˆH(G0)

o

is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G

0

),
yielding an eigenstate which we label

�

�E0

n

↵

. The driv-
ing parameter is changed according to the aforemen-
tioned transformation until a final time ⌧ . During this
period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
time in the eigenbasis of Ĥ(G⌧ ) and yielding eigenstate
|E⌧

mi. Given the spectral decompositions of the initial
and final Hamiltonians, Ĥ(G

0

) =
P

n E
0

n
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�E0

n

↵ ⌦

E0

n
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� and

Ĥ(G⌧ ) =
P

m E⌧
m |E⌧

mi hE⌧
m|, respectively, the energy

di↵erence between the two outcomes E⌧
m � E0

n may be
interpreted as the work performed by the external driv-
ing in a single realization of the protocol. This particular
value of the work occurs with probability p0np

⌧
m|n, where

p0n = e��E0
n/Z(G

0

) keeps track of the initial thermal
statistics, while p⌧m|n = | hE⌧

m| Û⌧,0

�

�E0

n

↵ |2 embodies the
transition probability arising from the change of basis.
The work performed due to the protocol described above
can be characterized by a stochastic variable W following

2

nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G
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ing parameter is changed according to the aforemen-
tioned transformation until a final time ⌧ . During this
period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
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[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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e�� ˆH(G0)

Z(G
0

)
, (1)

where Z(G
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e�� ˆH(G0)
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is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G
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period, the state of the system evolves as dictated by
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the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
time in the eigenbasis of Ĥ(G⌧ ) and yielding eigenstate
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
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↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G

0

),
yielding an eigenstate which we label

�

�E0

n

↵

. The driv-
ing parameter is changed according to the aforemen-
tioned transformation until a final time ⌧ . During this
period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0
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linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
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linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.
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the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
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and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
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a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.
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linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.
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formed on the system in the energy eigenbasis of Ĥ(G

0

),
yielding an eigenstate which we label
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. The driv-
ing parameter is changed according to the aforemen-
tioned transformation until a final time ⌧ . During this
period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
time in the eigenbasis of Ĥ(G⌧ ) and yielding eigenstate
|E⌧

mi. Given the spectral decompositions of the initial
and final Hamiltonians, Ĥ(G
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m|n, where
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) keeps track of the initial thermal
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G
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period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
time in the eigenbasis of Ĥ(G⌧ ) and yielding eigenstate
|E⌧
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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) =
e�� ˆH(G0)

Z(G
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)
, (1)

where Z(G
0

) = Tr
n

e�� ˆH(G0)

o

is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G

0

),
yielding an eigenstate which we label
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�E0
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↵

. The driv-
ing parameter is changed according to the aforemen-
tioned transformation until a final time ⌧ . During this
period, the state of the system evolves as dictated by
the action of the unitary evolution operator Û⌧,0 on
the post-measurement state. Finally, a second projec-
tive energy measurement is made on the system, this
time in the eigenbasis of Ĥ(G⌧ ) and yielding eigenstate
|E⌧

mi. Given the spectral decompositions of the initial
and final Hamiltonians, Ĥ(G
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interpreted as the work performed by the external driv-
ing in a single realization of the protocol. This particular
value of the work occurs with probability p0np
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) keeps track of the initial thermal
statistics, while p⌧m|n = | hE⌧
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transition probability arising from the change of basis.
The work performed due to the protocol described above
can be characterized by a stochastic variable W following
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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, (1)

where Z(G
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) = Tr
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is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
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until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
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[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
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n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-
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a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.
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dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state

%̂�(G0

) =
e�� ˆH(G0)

Z(G
0

)
, (1)

where Z(G
0

) = Tr
n

e�� ˆH(G0)

o

is the canonical parti-

tion function of the system. This system is taken out
of equilibrium by applying a chosen transformation that
modifies Gt in time. Here we are concerned with the
statistics of the work done on or by the system when
applying such a protocol. We thus proceed as follows
(cf. Fig. 1 for a graphical depiction of the the pro-
cess): At time t = 0+ the system is detached from the
reservoir and a projective energy measurement is per-
formed on the system in the energy eigenbasis of Ĥ(G
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0
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[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
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n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.
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have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
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From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ
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[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
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and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,
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FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
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↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0

n is achieved, which embodies the probability distribution of the work done by/on the system as
a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.

II. WORK DISTRIBUTION AND QUANTUM
FLUCTUATION THEOREMS

Let us consider a system described by a time-
dependent Hamiltonian Ĥ(Gt), whose dependence on
time is realized via the externally tunable parameter Gt.
This parameter, which we refer to as the driving param-

eter, determines the configuration of the system at any
time. Moreover, let us assume that at t = 0 the system
is in thermal equilibrium with a bath at inverse temper-

ature �, and is hence described by the Gibbs state
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the post-measurement state. Finally, a second projec-
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linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.
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m| Û⌧,0

�

�E0

n

↵ |2 embodies the
transition probability arising from the change of basis.
The work performed due to the protocol described above
can be characterized by a stochastic variable W following

Work Distribution

PF (W ) =
X

n,m

p0np
⌧
m|n� (W � (E0

m � En))

Work Distribution

PF (W ) =
X

n,m

p0np
⌧
m|n� (W � (E0

m � En))

Work Distribution

PF (W ) =
X

n,m

p0np
⌧
m|n� (W � (E0

m � En))Work Distribution

2

FIG. 1. Graphical depiction of the two-step protocol for the work distribution. At t < 0 a system is in contact with a bath
until thermal equilibrium is reached [panel (a)]. At t = 0+, system and bath are detached, while the energy of the system is
measured. Let the outcome of such measurement be E0

n, which projects the state of the system onto the energy eigenstates��E0
n

↵
[panel (b)]. The system’s Hamiltonian is then changed following to a given protocol and the system evolves according to

the unitary evolution operator U(⌧, 0) for a time ⌧ [panel (c)], at which time it is measured (over the eigenbasis of the new
Hamiltonian). Outcome E⌧

m is achieved, which gives the new state |E⌧
mi [panel (d)]. By repeating this protocol many times a

distribution of values E⌧
m �E0
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a result of the protocol that has been implemented.

linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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linearization of the interaction, where the Hamiltonian
is cast into a quadratic form that is more amenable to
analysis. Here, we eschew this simplification, which is
formally valid when the cavity field is strongly driven [9],
and address the full nonlinear optomechanical Hamilto-
nian. We note at this point that the thermodynami-
cal properties of the equivalent linearized model were re-
cently explored by some us in Ref. [10]. By retaining the
full optomechanical coupling, our work therefore aims to
address the out-of-equilibrium thermodynamical behav-
ior of nonlinearly coupled bosonic modes in the quantum
regime, and thus go beyond the results reported in liter-
ature so far.

The remainder of this work is organized as follows: In
Sec. II we introduce the two-measurement protocol nec-
essary to extract the work distribution, and review the
quantum fluctuation relations. Sec. III contains a de-
tailed analysis of the dynamical features of an optome-
chanical system subject to a sudden quench of the cou-
pling parameter and assesses its thermodynamical behav-
ior, first in the case of linear optomechanical coupling and
then in the quadratically-coupled case. Finally, in Sec. IV
we summarize our findings and discuss new perspectives
opened up by this work.
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
tonian. The corresponding work distribution can be written
as [3] P→(W) :=

!

n,m p0n pτm|nδ
"

W − (E′m − En)
#

. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
%

U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
&

.

(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,

(a) (b)

FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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tonian. The corresponding work distribution can be written
as [3] P→(W) :=
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. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]

χ(u, τ) =
$

dWeiuWP→(W) = Tr
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U†τeiuĤ(λτ)Ûτe−iuĤ(λ0)ρthS (λ0)
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(1)
From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
&

(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,
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FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)



S

A The answer is a Ramsey 
interferometer

h h

DQS of the work  
characteristic function

2

nth [mth] eigenvalue-eigenstate pair of the initial [final] Hamil-
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. Here, we
have introduced the probability p0n that the system is found in
state |n⟩ at time t = 0 and the conditional probability pτm|n to
find it in |m⟩ at time τ if it was initially in |n⟩ and evolved un-
der the action of the propagator Ûτ. P→(W) encompasses the
statistics of the initial state (given by p0n) and the fluctuations
arising from quantum measurement statistics (given by pτm|n).
For our purposes, it is convenient to define the characteristic
function of P→(W) [17]
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From Eq. (1), the Jarzynski equality [11] is found as χ(iβ, τ) =
⟨e−βW⟩ = e−β∆F . The characteristic function is also crucial for
the Tasaki-Crooks relation ∆F = (1/β) ln[χ′(v, τ)/χ(u, τ)] [3,
16] with χ′(v, τ) the characteristic function of the backward
process obtained taking λτ → λ0 and evolving ρthS (λτ) through
U†τ ). Here ∆F is the net change in the equilibrium free-energy
of S . This demonstrates the central role played by the charac-
teristic function in determining the equilibrium properties of
a system. We shall now illustrate a protocol for the interfer-
ometric determination of χ(u, τ). This would then enable the
convenient evaluation of the figures of merit discussed above.

A SIMPLE ILLUSTRATIVE CASE

To fix the ideas before attacking the general protocol we
consider the Hamiltonian for S ĤS (t) = g(λt)ĥ, with ĥ an op-
eratorial part that remains unchanged irrespective of the pro-
cess responsible for the change of the work parameter and
specified by the function g(λt). Clearly ĤS (t) commutes with
itself and Ûτ = e−iĥ

' τ

0 g(λt)dt at all instants of time. That is
[Ĥi, Ĥ f ] = [Ûτ, Ĥi( f )] = 0 with Ĥi ≡ ĤS (0) = g(λ0)ĥ
and Ĥ f ≡ ĤS (τ) = g(λτ)ĥ. The characteristic function thus
simplifies as

χs(u) = Tr
%

ei(Ĥ f−Ĥi)uρthS (λ0)
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(2)

and is fully determined by the changes induced in ĤS (t) by
the process. This allows us to make a significant progress
in the illustration of our scheme. Indeed, let us introduce an
ancilla qubit A, whose role is to assist in the measurement of
χs(u). Moreover, we consider the S -A evolution Ĝ(u)V̂(u),
where V̂(u) = e−iĤiu ⊗ 1̂1A is a local transformation on S and
Ĝ(u) is the controlled A-S gate

Ĝ(u) = 1̂1S ⊗ |0⟩⟨0|A + e−i(Ĥ f −Ĥi)u ⊗ |1⟩⟨1|A , (3)

which applies e−i(Ĥ f−Ĥi)u to the state of S only when A is in
|1⟩A and leaves it unaffected otherwise. Gates having the form
11S ⊗ |0⟩⟨0|A + ÛS ⊗ |1⟩⟨1|A (with ÛS a unitary for the system),
which are clearly of the form of Eq. (3) can be generated,
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FIG. 1: (Color online) (a) Quantum circuit illustrating the protocol
for the measurement of χs(u). The ancilla A is a qubit initialised
in |0⟩A and undergoing a Hadamard gate Ĥ. System S is prepared
in a thermal state ρthS and is subjected to the local transformation V̂.
See the body of the manuscript for the explicit form of the gates
(whose dependence on u has been omitted here). (b)Quantum circuit
illustrating the scheme for the most general process undergone by
S . In both panels we show the symbol for conditional A-S gates
controlled by the state of the ancilla. In panel (b) we also picture the
symbol for a full inversion gate as given by σ̂x, A

for instance, by S -A Hamiltonians having the structure OS ⊗
|1⟩ ⟨1|A, with OS an appropriate Hamiltonian term.
Inspired by Ramsey-like schemes for parameter estima-

tion [18, 19], our protocol proceeds as follows: We pre-
pare |0⟩A and apply a Hadamard transform ĤA = (σ̂x,A +
σ̂z,A)/

√
2 [25] that changes it into the eigenstate of the x-Pauli

matrix |+⟩A = (|0⟩A + |1⟩A)/
√
2. We then apply Ĝ(u)V̂(u) on

ρthS ⊗ |+⟩ ⟨+|A and subject A to a second Hadamard transform
[cf. Fig. 1 (a)]. Gate Ĝ(u) establishes quantum correlations
between A and S as shown by the fact that information on S
can be retrieved from the ancilla as

ρA = TrS [ĤAĜ(u)V̂(u)(ρthS ⊗ |+⟩ ⟨+|A)V̂
†(u)Ĝ†(u)ĤA]

= (1̂1A + ασ̂z,A + νσ̂y,A)/2
(4)

with α = Reχs and ν = Imχs. This proves the effectiveness of
our protocol for the measurement of χs(u), which is achieved
by measuring the (experimentally straightforward) longitudi-
nal and transverse magnetization ⟨σ̂z,A⟩ and ⟨σ̂y,A⟩ of A.

GENERAL PROTOCOL

We now relax the previous assumption on the form of the
Hamiltonian and consider the general case where [Ĥi, Ĥ f ] !
0 and [Ûτ, Ĥi( f )] ! 0. Correspondingly, the characteristic
function takes the form in Eq. (1) and the interferometric ap-
proach illustrated above still applies, the only difference be-
ing the form of the controlled operation to be applied on the S
state. Explicitly, we should implement

Ĝ(u, τ) = Ûτe−iĤiu ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A , (5)

which can be decomposed into local transformations and
A-controlled gates as Ĝ(u, τ) = (11S ⊗ σ̂x,A)Ĝ2(u, τ)(11S ⊗
σ̂x,A)Ĝ1(u, τ) [cf. Fig. 1 (b)] with

Ĝ1(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + e−iĤ f uÛτ ⊗ |1⟩⟨1|A ,

Ĝ2(u, τ) = 1̂1S ⊗ |0⟩⟨0|A + Ûτe−iĤiu ⊗ |1⟩⟨1|A .
(6)
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Wrapping up

Quantum simulation: invaluable tool for  
synthesis and the manipulation of complex processes

Its potential reaches out to CVSs, which can be  
efficiently simulated with a handful of resources

Non-equilibrium physics of CVSs is accessible!  
Interesting perspectives are out there  

(phononic versions of quantum optics)


