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He knew best

...trying to find a computer simulation of 
physics, seems to me to be an excellent 
program to follow out...and I'm not happy 
with all the analyses that go with just the 
classical theory, because nature isn’t 
classical, dammit, and if you want to make 
a simulation of nature, you'd better make it 
quantum mechanical, and by golly it's a 
wonderful problem because it doesn't look 
so easy.”

R. Feynman



Premises & warnings

Not necessarily we need to reproduce the whole  
system to be simulated!

It’s the statistics/evolution  
that matters!

Quantum Simulator: a controllable quantum system used to  

	 	 	 	 	 	 	 	 	 	 reproduce/emulate other quantum  

	 	 	 	 	 	 	 	 	 	 systems or their properties.  



Simulation? 
Working by examples

Argentina-vs-England    FIFA World Cup 1986



Premises & warnings

Quantum Simulation

Digital Analog

S. Lloyd, “Universal quantum simulators”, Science 273, 1073 (1996).



Q-Simulator

Û 0

|�(0)i |�(t)iÛ
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General picture

The mapping is key to the success of the simulation



All steps need 
to be accurate

Û

Û 0

Charlie Bennett

Jack Nicholson
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An unknown quantum state ]P) can be disassembled into, then later reconstructed from, purely
classical information and purely nonclassical Einstein-Podolsky-Rosen (EPR) correlations. To do
so the sender, "Alice, " and the receiver, "Bob," must prearrange the sharing of an EPR-correlated
pair of particles. Alice makes a joint measurement on her EPR particle and the unknown quantum
system, and sends Bob the classical result of this measurement. Knowing this, Bob can convert the
state of his EPR particle into an exact replica of the unknown state ]P) which Alice destroyed.

PACS numbers: 03.65.Bz, 42.50.Dv, 89.70.+c

The existence of long range correlations between
Einstein-Podolsky-Rosen (EPR) [1] pairs of particles
raises the question of their use for information transfer.
Einstein himself used the word "telepathically" in this
contempt [2]. It is known that instantaneous information
transfer is definitely impossible [3]. Here, we show that
EPR correlations can nevertheless assist in the "telepor-
tation" of an intact quantum state from one place to
another, by a sender who knows neither the state to be
teleported nor the location of the intended receiver.
Suppose one observer, whom we shall call "Alice, " has

been given a quantum system such as a photon or spin-&
particle, prepared in a state ]P) unknown to her, and she
wishes to communicate to another observer, "Bob," suf-
ficient information about the quantum system for him to
make an accurate copy of it. Knowing the state vector
]P) itself would be sufficient information, but in general
there is no way to learn it. Only if Alice knows before-
hand that ~qb) belongs to a given orthonormal set can she
make a measurement whose result will allow her to make
an accurate copy of [P). Conversely, if the possibilities
for ~P) include two or more nonorthogonal states, then no
measurement will yield sufhcient information to prepare

a perfectly accurate copy.
A trivial way for Alice to provide Bob with all the in-

formation in [P) would be to send the particle itself. If she
wants to avoid transferring the original particle, she can
make it. interact unitarily with another system, or "an-
cilla, " initially in a known state ~ap), in such a way that
after the interaction the original particle is left in a stan-
dard state ~Pp) and the ancilla is in an unknown state
]a) containing complete information about ~P). If Al-
ice now sends Bob the ancilla (perhaps technically easier
than sending the original particle), Bob can reverse her
actions to prepare a replica of her original state ~P). This
"spin-exchange measurement" [4] illustrates an essential
feature of quantum information: it can be swapped from
one system to another, but it cannot be duplicated or
"cloned" [5]. In this regard it is quite unlike classical
information, which can be duplicated at will. The most
tangible manifestation of the nonclassicality of quantum
information is the violation of Bell s inequalities [6) ob-
served [7] in experiments on EPR states. Other rnanifes-
tations include the possibility of quantum cryptography
[8), quantum parallel computation [9], and the superior-
ity of interactive measurements for extracting informa-
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The shining (Stanley Kubrik)

The whole simulation needs to be faithful

The mapping is key to the success of the simulation



Digital quantum  
simulation (DQS)

A unitary realisation of a transformation  
based on single- & two-qubit gates 

DQS is universal

…

Û
…



...The rule of simulation that I would like to 
have is that the number of computer 
elements required to simulate a large 
physical system is only to be proportional 
to the space-time volume of the physical 
system. I don’t want to have an explosion.!
.”

He figured out 
everything…

R. Feynman, “Simulating physics with computers,”  

Int. J. Theor. Phys. 21, 467 (1982) 



DQS: Dynamics

Not any unitary can be efficiently simulated

Not any Hamiltonian/evolutions can be  
efficiently simulated

All finite-dimensional local Hamiltonians can be simulated 
efficiently!

How about efficiency? 

All the Hamiltonians that can be 
mapped into local  

models can be efficiently simulated



DQS: Dynamics
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FIG. 2 Initial state preparation. Quantum circuit for the re-
cursive procedure used to find an e�cient gate sequence for
preparing a given target state | 

T

(n, 1)i of one electron oc-
cupying n possible orbitals. The procedure uses reverse engi-
neering, where one considers the problem of transforming the
target state to the initial state |0i⌦n. This reverse problem
allows an intuitive, systematic solution. Once the solution
of this inverse problem is found, it can be inverted in order
to prepare the target state | 

T

(n, 1)i from the initial state
|0i⌦n. The unitary operations H̃ and H̃ 0 can be calculated
easily from the given target state: each one of them trans-
forms the known state of the corresponding qubit to |0i. The
unitary operation Q(n � 2, 1) transforms | 

T

(n� 2, 1)i into

|0i⌦(n�2) (adapted from (Wang et al., 2009)).

ordered sequence of gates, thus implementing a unitary
evolution of the simulator, DQS is not restricted to recre-
ating the temporal evolution of the simulated system.
Applications of DQS also include obtaining certain prop-
erties of a given quantum system (e.g., phase estimation
for computing eigenvalues of operators, particularly the
Hamiltonian (Abrams and Lloyd, 1999; Aspuru-Guzik
et al., 2005; Wang et al., 2010a), or computing partition
functions (Lidar and Biham, 1997)). Moreover, accord-
ing to (Meyer, 2002) it should also be possible to use
quantum computers to simulate classical physics more
e�ciently (see also (Sinha and Russer, 2010; Yung et al.,
2010)).

In general, DQS consists of three steps: initial state
preparation | (0)i, unitary evolution U and the final
measurement. These steps will be discussed in detail in
the remainder of this subsections (see also (Brown et al.,
2010)).

Initial state preparation — The first step of the
simulation is to initialize the quantum register to the
state | (0)i. In many cases the preparation of the ini-
tial state is di�cult and an e�cient algorithm may not
be available. Fortunately, for particular cases of inter-
est e�cient state preparation is possible. For example,
a method for generating a state that encodes the an-
tisymmetrized many-particle state of fermions (includ-
ing all the possible permutations), starting from an un-
symmetrized state (e.g. |000 · · · 0i), with polynomial re-
sources was given in (Abrams and Lloyd, 1997). The
preparation of N -particle fermionic states of the form:

| (0)i =
NY

j=1

b†j |vaci , (2)

where |vaci is the vacuum state and b†j and bj are the
fermionic creation and annihilation operators, was dis-
cussed in (Ortiz et al., 2001, 2002; Somma et al., 2002,
2003). A quantum algorithm for the e�cient preparation

of physically realistic quantum states on a lattice (arbi-
trary pure or mixed many-particle states with an arbi-
trary number of particles) was proposed in (Ward et al.,
2009), while in (Kassal et al., 2008) it was shown that
most commonly used chemical wave functions can be ef-
ficiently prepared. A quantum algorithm for preparing
a pure state of a molecular system with a given number
m of electrons occupying a given number n of spin or-
bitals that exhibits polynomial scaling in m (regardless
of n) was proposed in (Wang et al., 2009) (see Figure 2).
In (Wang et al., 2011) a state-preparation algorithm that
incorporates quantum simulation was proposed: the time
evolution of the quantum system is simulated including
the interaction with ancilla, i.e. auxiliary, qubits that can
inject or absorb any specified amount of energy from the
system, thus preparing any desired energy eigenstate.
Unitary evolution — Let us now discuss in some

more detail how to obtain U . We assume that the Hamil-
tonian can be written as a sum of many terms that de-
scribe local interactions:

H =
MX

l=1

Hl. (3)

Examples of Hamiltonians of this form include the Hub-
bard and Ising Hamiltonians. If [Hl, Hl0 ] = 0 for all l and
l0, then

U =
Y

l

exp{�i~Hlt}. (4)

In this case, the decomposition of U into a sequence of lo-
cal gates is straightforward. Unfortunately, in most cases
of practical interest [Hl, Hl0 ] 6= 0 in general. As a result,
when taken as a whole, the decomposition of U cannot
be obtained e�ciently using classical methods. An im-
portant step in this regard is breaking up the evolution
time into a large number of small time steps of duration
�t each:

U = (exp{�i~H�t})t/�t . (5)

There are approximations available for decomposing
exp{�i~H�t} into local gates. For example, the first-
order Trotter formula (see, e.g., (Nielsen and Chuang,
2000; Ortiz et al., 2001; Somma et al., 2002)) gives

U(�t) = e�i~P
l Hl�t =

Y

l

e�i~Hl�t +O((�t)2). (6)

As a result, when �t ! 0,

U(�t) ⇡
Y

l

exp{�i~Hl�t}. (7)

The drawback of this approach is that high accuracy
comes at the cost of very small �t and therefore a
very large number of quantum gates. Recent results
have re-emphasized the shortcomings of using this first-
order Trotter formula (Brown et al., 2006; Clark et al.,
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trary number of particles) was proposed in (Ward et al.,
2009), while in (Kassal et al., 2008) it was shown that
most commonly used chemical wave functions can be ef-
ficiently prepared. A quantum algorithm for preparing
a pure state of a molecular system with a given number
m of electrons occupying a given number n of spin or-
bitals that exhibits polynomial scaling in m (regardless
of n) was proposed in (Wang et al., 2009) (see Figure 2).
In (Wang et al., 2011) a state-preparation algorithm that
incorporates quantum simulation was proposed: the time
evolution of the quantum system is simulated including
the interaction with ancilla, i.e. auxiliary, qubits that can
inject or absorb any specified amount of energy from the
system, thus preparing any desired energy eigenstate.
Unitary evolution — Let us now discuss in some

more detail how to obtain U . We assume that the Hamil-
tonian can be written as a sum of many terms that de-
scribe local interactions:

H =
MX

l=1

Hl. (3)

Examples of Hamiltonians of this form include the Hub-
bard and Ising Hamiltonians. If [Hl, Hl0 ] = 0 for all l and
l0, then

U =
Y

l

exp{�i~Hlt}. (4)

In this case, the decomposition of U into a sequence of lo-
cal gates is straightforward. Unfortunately, in most cases
of practical interest [Hl, Hl0 ] 6= 0 in general. As a result,
when taken as a whole, the decomposition of U cannot
be obtained e�ciently using classical methods. An im-
portant step in this regard is breaking up the evolution
time into a large number of small time steps of duration
�t each:

U = (exp{�i~H�t})t/�t . (5)

There are approximations available for decomposing
exp{�i~H�t} into local gates. For example, the first-
order Trotter formula (see, e.g., (Nielsen and Chuang,
2000; Ortiz et al., 2001; Somma et al., 2002)) gives

U(�t) = e�i~P
l Hl�t =

Y

l

e�i~Hl�t +O((�t)2). (6)

As a result, when �t ! 0,

U(�t) ⇡
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l

exp{�i~Hl�t}. (7)

The drawback of this approach is that high accuracy
comes at the cost of very small �t and therefore a
very large number of quantum gates. Recent results
have re-emphasized the shortcomings of using this first-
order Trotter formula (Brown et al., 2006; Clark et al.,

The simulation is 
straightforward
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Applications of DQS also include obtaining certain prop-
erties of a given quantum system (e.g., phase estimation
for computing eigenvalues of operators, particularly the
Hamiltonian (Abrams and Lloyd, 1999; Aspuru-Guzik
et al., 2005; Wang et al., 2010a), or computing partition
functions (Lidar and Biham, 1997)). Moreover, accord-
ing to (Meyer, 2002) it should also be possible to use
quantum computers to simulate classical physics more
e�ciently (see also (Sinha and Russer, 2010; Yung et al.,
2010)).

In general, DQS consists of three steps: initial state
preparation | (0)i, unitary evolution U and the final
measurement. These steps will be discussed in detail in
the remainder of this subsections (see also (Brown et al.,
2010)).

Initial state preparation — The first step of the
simulation is to initialize the quantum register to the
state | (0)i. In many cases the preparation of the ini-
tial state is di�cult and an e�cient algorithm may not
be available. Fortunately, for particular cases of inter-
est e�cient state preparation is possible. For example,
a method for generating a state that encodes the an-
tisymmetrized many-particle state of fermions (includ-
ing all the possible permutations), starting from an un-
symmetrized state (e.g. |000 · · · 0i), with polynomial re-
sources was given in (Abrams and Lloyd, 1997). The
preparation of N -particle fermionic states of the form:

| (0)i =
NY

j=1

b†j |vaci , (2)

where |vaci is the vacuum state and b†j and bj are the
fermionic creation and annihilation operators, was dis-
cussed in (Ortiz et al., 2001, 2002; Somma et al., 2002,
2003). A quantum algorithm for the e�cient preparation

of physically realistic quantum states on a lattice (arbi-
trary pure or mixed many-particle states with an arbi-
trary number of particles) was proposed in (Ward et al.,
2009), while in (Kassal et al., 2008) it was shown that
most commonly used chemical wave functions can be ef-
ficiently prepared. A quantum algorithm for preparing
a pure state of a molecular system with a given number
m of electrons occupying a given number n of spin or-
bitals that exhibits polynomial scaling in m (regardless
of n) was proposed in (Wang et al., 2009) (see Figure 2).
In (Wang et al., 2011) a state-preparation algorithm that
incorporates quantum simulation was proposed: the time
evolution of the quantum system is simulated including
the interaction with ancilla, i.e. auxiliary, qubits that can
inject or absorb any specified amount of energy from the
system, thus preparing any desired energy eigenstate.
Unitary evolution — Let us now discuss in some

more detail how to obtain U . We assume that the Hamil-
tonian can be written as a sum of many terms that de-
scribe local interactions:

H =
MX

l=1

Hl. (3)

Examples of Hamiltonians of this form include the Hub-
bard and Ising Hamiltonians. If [Hl, Hl0 ] = 0 for all l and
l0, then

U =
Y

l

exp{�i~Hlt}. (4)

In this case, the decomposition of U into a sequence of lo-
cal gates is straightforward. Unfortunately, in most cases
of practical interest [Hl, Hl0 ] 6= 0 in general. As a result,
when taken as a whole, the decomposition of U cannot
be obtained e�ciently using classical methods. An im-
portant step in this regard is breaking up the evolution
time into a large number of small time steps of duration
�t each:

U = (exp{�i~H�t})t/�t . (5)

There are approximations available for decomposing
exp{�i~H�t} into local gates. For example, the first-
order Trotter formula (see, e.g., (Nielsen and Chuang,
2000; Ortiz et al., 2001; Somma et al., 2002)) gives

U(�t) = e�i~P
l Hl�t =

Y

l

e�i~Hl�t +O((�t)2). (6)

As a result, when �t ! 0,

U(�t) ⇡
Y

l

exp{�i~Hl�t}. (7)

The drawback of this approach is that high accuracy
comes at the cost of very small �t and therefore a
very large number of quantum gates. Recent results
have re-emphasized the shortcomings of using this first-
order Trotter formula (Brown et al., 2006; Clark et al.,
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Applications of DQS also include obtaining certain prop-
erties of a given quantum system (e.g., phase estimation
for computing eigenvalues of operators, particularly the
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et al., 2005; Wang et al., 2010a), or computing partition
functions (Lidar and Biham, 1997)). Moreover, accord-
ing to (Meyer, 2002) it should also be possible to use
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be available. Fortunately, for particular cases of inter-
est e�cient state preparation is possible. For example,
a method for generating a state that encodes the an-
tisymmetrized many-particle state of fermions (includ-
ing all the possible permutations), starting from an un-
symmetrized state (e.g. |000 · · · 0i), with polynomial re-
sources was given in (Abrams and Lloyd, 1997). The
preparation of N -particle fermionic states of the form:

| (0)i =
NY

j=1

b†j |vaci , (2)

where |vaci is the vacuum state and b†j and bj are the
fermionic creation and annihilation operators, was dis-
cussed in (Ortiz et al., 2001, 2002; Somma et al., 2002,
2003). A quantum algorithm for the e�cient preparation

of physically realistic quantum states on a lattice (arbi-
trary pure or mixed many-particle states with an arbi-
trary number of particles) was proposed in (Ward et al.,
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bitals that exhibits polynomial scaling in m (regardless
of n) was proposed in (Wang et al., 2009) (see Figure 2).
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inject or absorb any specified amount of energy from the
system, thus preparing any desired energy eigenstate.
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of practical interest [Hl, Hl0 ] 6= 0 in general. As a result,
when taken as a whole, the decomposition of U cannot
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portant step in this regard is breaking up the evolution
time into a large number of small time steps of duration
�t each:
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exp{�i~H�t} into local gates. For example, the first-
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ating the temporal evolution of the simulated system.
Applications of DQS also include obtaining certain prop-
erties of a given quantum system (e.g., phase estimation
for computing eigenvalues of operators, particularly the
Hamiltonian (Abrams and Lloyd, 1999; Aspuru-Guzik
et al., 2005; Wang et al., 2010a), or computing partition
functions (Lidar and Biham, 1997)). Moreover, accord-
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quantum computers to simulate classical physics more
e�ciently (see also (Sinha and Russer, 2010; Yung et al.,
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est e�cient state preparation is possible. For example,
a method for generating a state that encodes the an-
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trary number of particles) was proposed in (Ward et al.,
2009), while in (Kassal et al., 2008) it was shown that
most commonly used chemical wave functions can be ef-
ficiently prepared. A quantum algorithm for preparing
a pure state of a molecular system with a given number
m of electrons occupying a given number n of spin or-
bitals that exhibits polynomial scaling in m (regardless
of n) was proposed in (Wang et al., 2009) (see Figure 2).
In (Wang et al., 2011) a state-preparation algorithm that
incorporates quantum simulation was proposed: the time
evolution of the quantum system is simulated including
the interaction with ancilla, i.e. auxiliary, qubits that can
inject or absorb any specified amount of energy from the
system, thus preparing any desired energy eigenstate.
Unitary evolution — Let us now discuss in some

more detail how to obtain U . We assume that the Hamil-
tonian can be written as a sum of many terms that de-
scribe local interactions:
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Examples of Hamiltonians of this form include the Hub-
bard and Ising Hamiltonians. If [Hl, Hl0 ] = 0 for all l and
l0, then
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exp{�i~Hlt}. (4)

In this case, the decomposition of U into a sequence of lo-
cal gates is straightforward. Unfortunately, in most cases
of practical interest [Hl, Hl0 ] 6= 0 in general. As a result,
when taken as a whole, the decomposition of U cannot
be obtained e�ciently using classical methods. An im-
portant step in this regard is breaking up the evolution
time into a large number of small time steps of duration
�t each:
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There are approximations available for decomposing
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significantly reduce the influence of noise. The results for
the different methods are compared in Sec. XI, and we
summarize in Sec. XII.

PART I: Methods to generate
many–body interaction

Hamiltonians

We will consider m systems, each of dimension d, with
associated Hilbert space H = (Cd)⊗m. In the case of
d = 2, i.e. qubits, we make use of the Pauli-matrices
which we denote by σ0 ≡ 1l, σ1 ≡ σx,σ2 ≡ σy ,σ3 ≡ σz.
When it is clear from the context, we will often omit

tensor products, i.e. we identify σ(A)
i ⊗ σ(B)

j ≡ σ(A)
i σ(B)

j .
We will also set ! = 1 in the following.

We assume that the d–level systems interact pairwise,
and we will be interested in methods to generate effec-
tive many–body interactions involving up to n ≤ m of
these systems. For simplicity, we will mainly consider
d = 2, i.e. qubits. The simulation of arbitrary many–
body Hamiltonians of m qubits (or, equivalently, Hamil-
tonians of higher dimensional systems with D = 2m) can
be achieved if one is capable of generating

(i) a specific many–body interaction Hamiltonian H =
σ⊗n

z for all n ≤ m;

(ii) fast local unitary control of the individual qubits.

Hence we will concentrate on the following in methods to
generate a basic m–body interaction for some fixed m.

Given (i) and (ii) are fulfilled, standard techniques
from Hamiltonian simulation can be applied, where inter-
mediate fast local unitary operations are used to manip-
ulate the basic Hamiltonian H and generate an arbitrary
desired effective Hamiltonian

H ′ =
∑

k

λkHk, (1)

where Hk are m–body interaction Hamiltonians consist-
ing of Pauli matrices. Here, one makes use of the facts
that any m–body Hamiltonian can be represented in the
Pauli basis, and Hamiltonians Hk consisting of Pauli–
matrices can effectively generated from H via unitary
conjugation, i.e.

Uke−itHU †
k = e−itUkHU†

k , (2)

where local unitary operations Uk suffice. Using the iden-
tity

lim
M→∞

(

∏

k

e−iHkt/M

)M

= e−it
P

k Hk , (3)

we find for sufficiently short times t = δt,
∏

k

e−iδtλkHk = 1l − iδt
∑

k

λkHk + O(δt2)

≈ e−iδt
P

k λkHk , (4)

that is, sequences of applications of the standard Hamil-
tonian H , together with intermediate local unitary oper-
ations U †

kUk+1, generate (up to higher order corrections
in δt) a unitary operation that is generated by an effec-
tive Hamiltonian H ′ (Eq. 1). Note that more compli-
cated sequences allow for the simulation of the effective
Hamiltonian H ′ with higher accuracy, with corrections
appearing only in higher order δt.

II. COMMUTATOR METHOD

A. Three–body interactions

A somewhat standard approach to simulating a three
body interaction from a given two–body interaction is to
apply a sequence of time evolutions, generated by dif-
ferent Hamiltonians, each for a short time δt. The se-
quence is chosen in such a way that all first order terms
in δt –when performing a Taylor expansion– cancel, and
only higher order terms in δt remain. These higher order
terms include products of different two–body Hamiltoni-
ans, and can hence correspond to effective many–body
interactions. To be more precise, consider the following
sequence of time evolutions, generated by the Hamilto-
nians Hk applied for time δt

Utot = eiH4δteiH3δteiH2δteiH1δt. (5)

For small δt, one can Taylor expand this expression and
obtains

Utot = 1l + iδt
4
∑

j=1

Hj

−
δt2

2

⎛

⎝

4
∑

j=1

H2
j + 2

4
∑

l=2

l−1
∑

j=1

HlHj

⎞

⎠

+ O(δt3) (6)

Considering the case

H4 = −H2, H3 = −H1, (7)

one obtains

Utot = 1l + δt2(H1H2 − H2H1) + O(δ3t )

= ei2δt2×(−i/2)[H1,H2] + O(δt3). (8)

The sequence of interactions described by some properly
chosen two–body Hamiltonians hence correspond –up to
higher order corrections– to an evolution which is de-
scribed by an Hamiltonian that is essentially given by

Heff = −i/2[H1, H2], (9)

which can be an effective three–body interaction.
Example: For a system of three qubits and

H1 = σ(A)
z σ(B)

x ,

H2 = σ(B)
y σ(C)

z , (10)
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significantly reduce the influence of noise. The results for
the different methods are compared in Sec. XI, and we
summarize in Sec. XII.

PART I: Methods to generate
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Hamiltonians

We will consider m systems, each of dimension d, with
associated Hilbert space H = (Cd)⊗m. In the case of
d = 2, i.e. qubits, we make use of the Pauli-matrices
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When it is clear from the context, we will often omit
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we have that

e[H1,H2]δt2 + O(δt3) ≈ 1l(ABC) + i2δt2σ(A)
z σ(B)

z σ(C)
z

+O(δt3)

≈ eiδt′Heff + O(δt′3/2). (11)

That is, if we evolve a system as indicated in Eq. (5)
using only two–body interactions with H4 = −H2, H3 =
−H1 for a total time of 4δt, then the resulting evolutions
is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body
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is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body
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we have that

e[H1,H2]δt2 + O(δt3) ≈ 1l(ABC) + i2δt2σ(A)
z σ(B)

z σ(C)
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+O(δt3)

≈ eiδt′Heff + O(δt′3/2). (11)

That is, if we evolve a system as indicated in Eq. (5)
using only two–body interactions with H4 = −H2, H3 =
−H1 for a total time of 4δt, then the resulting evolutions
is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body
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e[H1,H2]δt2 + O(δt3) ≈ 1l(ABC) + i2δt2σ(A)
z σ(B)

z σ(C)
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+O(δt3)

≈ eiδt′Heff + O(δt′3/2). (11)

That is, if we evolve a system as indicated in Eq. (5)
using only two–body interactions with H4 = −H2, H3 =
−H1 for a total time of 4δt, then the resulting evolutions
is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body
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we have that

e[H1,H2]δt2 + O(δt3) ≈ 1l(ABC) + i2δt2σ(A)
z σ(B)

z σ(C)
z

+O(δt3)

≈ eiδt′Heff + O(δt′3/2). (11)

That is, if we evolve a system as indicated in Eq. (5)
using only two–body interactions with H4 = −H2, H3 =
−H1 for a total time of 4δt, then the resulting evolutions
is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body

5

we have that

e[H1,H2]δt2 + O(δt3) ≈ 1l(ABC) + i2δt2σ(A)
z σ(B)

z σ(C)
z

+O(δt3)

≈ eiδt′Heff + O(δt′3/2). (11)

That is, if we evolve a system as indicated in Eq. (5)
using only two–body interactions with H4 = −H2, H3 =
−H1 for a total time of 4δt, then the resulting evolutions
is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body

time

5

we have that

e[H1,H2]δt2 + O(δt3) ≈ 1l(ABC) + i2δt2σ(A)
z σ(B)

z σ(C)
z

+O(δt3)

≈ eiδt′Heff + O(δt′3/2). (11)

That is, if we evolve a system as indicated in Eq. (5)
using only two–body interactions with H4 = −H2, H3 =
−H1 for a total time of 4δt, then the resulting evolutions
is —up to higher order corrections in δt— the same as
the one resulting from a three–body Hamiltonian

Heff = σ(A)
z σ(B)

z σ(C)
z , (12)

applied for a time

δt′ = 2δt2. (13)

Note that there is a dilation factor of 2/δt, i.e. the re-
quired physical time t to implement an effective three–
body interaction for a time t′ is given by t = 4

!

δt′/2,
since the effective three body interaction only appears
in second order in δt. We have assumed that H1, H2 as
well as −H1,−H2 can be implemented. The simulation
of Heff is only correct in first order in δt′, and unwanted
terms appear already in order δt′3/2. This corresponds to
a reduced accuracy as compared to standard Hamiltonian
simulation schemes for two–body interactions, where the
desired Hamiltonian is correctly produced up to first or-
der, and undesired terms (errors) appear only in second
order. We will refer to this kind of errors as Taylor expan-
sion errors, which are independent from errors in inter-
actions and local control operations which will discussed
in detail in Sec. IVC 1. The Taylor expansion errors
need to be taken into account when using the effective
m–body Hamiltonian to simulate other Hamiltonians via
Hamiltonian simulation techniques.

B. Many–body interactions

In principle, many–body interactions Hamiltonians for
arbitrary number of qubits m can be generated in a re-
cursive way using above method. For instance, one of
the two Hamiltonians, say H1, is replaced by an effective
m − 1 body Hamiltonian. Together with an appropriate
two–body Hamiltonian a new effective m–body Hamilto-
nian can be produced. Note, however, that there is a dila-
tion factor of δt/2 in each of these simulation processes.
That is, the implementation of a m–body Hamiltonian

for time t′ requires a physical time t = O(t′2
−(m−1)

), if
basic two–body Hamiltonians are used.

The time cost can be reduced when using an alter-
native method, where two n–body interactions are used
to generate a m = (2n − 1)–body interaction. For in-
stance, the generation of a 5–body interaction has a time
cost of O(δt1/4), as compared to O(δt1/8) when using the
first method. The desired m–body Hamiltonian appears
in O(δtm−1) and corrections appear in O(δtm), where

m = 5 in our example. Rewriting this in the new effec-
tive time δtm, i.e. one realizes a m–body Hamiltonian
for time δtm, one finds

δtm = O(δtm−1), (14)

and corrections appear in

O(δtm/(m−1)
m ). (15)

That is,

Utot = 1l + iO(δtm−1)Heff + O(δtm)

= 1l + iδtmHeff + O(δtm/(m−1)
m )

≈ eiδtmHeff . (16)

To ensure that the Taylor expansion is a good approxima-
tion at all instances of the protocol, all involved times,

in particular δt = O(δt1/(m−1)
m ) (which corresponds to

the physical time for which two–body interactions are
applied), need to be sufficiently small. This limits the
possible values of δtm, which is important when consider-
ing the simulation of general m–body Hamiltonians from
the basic one. In particular, the total time required to
simulate a Hamiltonian for time ttot with Hamiltonian
simulation techniques (i.e. generating an effective m–
body Hamiltonian for time δtm, and using this Hamilto-
nian together with intermediate local unitary operations
to simulate other Hamiltonians for larger times by re-
peating this process ttot/δtm times) requires a total time
of

ttot/δtm × O(δt1/(m−1)
m ) = ttotO(δt−(m−2)/(m−1)

m ). (17)

The dilation factor (or time cost) O(δt−(m−2)/(m−1)
m ) ap-

proaches O(δt−1
m ) for large m and can be significant. Re-

call that δt1/(m−1)
m ≪ 1 needs to be fulfilled, which im-

plies that the dilation factor, for large m, will typically
be of order 10m or larger.

Example: To make above considerations more con-
crete, consider the generation of an effective 5–body in-
teraction Hamiltonian for time δt′′,

Utot(δt
′′) ≈ e−iδt′′Heff , (18)

where we use the notation δt′′ ≡ δt5, δt′ ≡ δt3. This
could take place as follows: (i) use two–body interactions
UAB(±δt), UBC(±δt) generated by two–body Hamiltoni-
ans ±HAB,±HBC between systems AB, BC for time
δt =

!

δt′/2 to produce an effective three–body inter-
action UABC(δt′) generated by the effective three–body
Hamiltonian HABC = −i/2[HBC, HAB]. That is,

UABC(δt′) = UAB(−δt)UBC(−δt)UAB(δt)UBC(δt)

≈ eiδt′HABC . (19)

Use the same method to produce a three–body inter-
action UCDE(δt′) generated by the effective three–body
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FIG. 3 Quantum circuit for simulating the three-body
Hamiltonian H = �z

1 ⌦ �z

2 ⌦ �z

3 . The circuit contains six
CNOT gates and utilizes a fourth, ancilla qubit (bottom line)
in order to achieve the desired e↵ective Hamiltonian (Nielsen
and Chuang, 2000).

2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian

H = �z
1 ⌦ �z

2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices

H = ⌦N
l=1 �

↵
l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V

k

= [exp(�i2⇡�
k�1)V̂k�1]

2 (adapted
from (Aspuru-Guzik et al., 2005)).

a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is

=?

V U

h
|0i
a

|�i

⇢a =
1

2
[|0ih0|+ |1ih1|+ (|1ih0|h�|U†V |�i+ h.c.)]

1p
2
[|0i+ |1i]|�i

1p
2
[|0i+ |1iV ]|�i 1p

2
[|0iU + |1iV ]|�i
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of its eigenvalues or at least its lowest eigenvalue (the ground state energy). To do this we start

from an state |φ⟩ that has a non-zero overlap with the eigenstates of H . (For example, if we want

to compute the energy of the ground state, then |φ⟩ has to have a non-zero overlap with the ground

state.) For finite systems, |φ⟩ can be the solution of a mean-field theory (a Slater determinant in the

case of fermions or Perelomov-Gilmore coherent states in the general case). Once we prepare this

state (Section III A and Appendix A), we compute ⟨Û(t)⟩ = ⟨φ|Û(t)φ⟩, where Û is the evolution

operator Û(t) = e−iHt. We then note that

|φ⟩ =
L!

n=0

γn |Ψn⟩ , (29)

with |Ψn⟩ eigenstates of the HamiltonianH . Consequently

⟨Û(t)⟩ =
L!

n=0

|γn|2 e−iλnt , (30)

where λn are the eigenvalues of H . The measurement of ⟨Û(t)⟩ is easily done by the steps de-

scribed in Section III C 1 (setting V = Û(t) and U = 1l in Fig. 9). Once we have this expectation

value, we perform a classical fast Fourier transform (i.e.,
"
⟨Û(t)⟩eiλtdt) and obtain the eigenvalues

λn (see Appendix B):

FFT[⟨Û(t)⟩] =
L!

n=0

2π|γn|2δ(λ− λn) . (31)

Although we explained the method for the eigenvalues of H , the extension to any observable Q̂ is

straightforward, taking Û(t) = e−iQ̂t and proceeding in the same way.

Two comments are in order. The first refers to an algorithmic optimization and points to de-

creasing the number of controlled operations (i.e., the number of elementary gates implemented).

If we set V = e−iQ̂t, U † = 1l (see Fig. 9) and perform the type of measurement described in

Section III C 1 the network has total evolution (ancilla plus system) e−iQ̂ t
2 eiQ̂σa

z
t
2 , while if we set

V = U † = e−iQ̂ t
2 the total evolution is eiQ̂σa

z
t
2 . Thus, this last algorithm reduces the number of

gates by the number of gates it takes to represent the operator e−iQ̂ t
2 . The circuit is shown in

Fig. 12.

The second comment refers to the complexity of the quantum algorithm as measured by system

size. In general it is difficult to find a state whose overlap scales polynomially with system size. If

one chooses a mean-field solution as the initial state, then the overlap decreases exponentially with

the system size; this is a “signal problem” which also arises in probabilistic classical simulations of
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FFT[⟨Û(t)⟩] =
L!

n=0

2π|γn|2δ(λ− λn) . (31)

Although we explained the method for the eigenvalues of H , the extension to any observable Q̂ is
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Although we explained the method for the eigenvalues of H , the extension to any observable Q̂ is

straightforward, taking Û(t) = e−iQ̂t and proceeding in the same way.

Two comments are in order. The first refers to an algorithmic optimization and points to de-

creasing the number of controlled operations (i.e., the number of elementary gates implemented).

If we set V = e−iQ̂t, U † = 1l (see Fig. 9) and perform the type of measurement described in

Section III C 1 the network has total evolution (ancilla plus system) e−iQ̂ t
2 eiQ̂σa
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2 , while if we set

V = U † = e−iQ̂ t
2 the total evolution is eiQ̂σa

z
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2 . Thus, this last algorithm reduces the number of

gates by the number of gates it takes to represent the operator e−iQ̂ t
2 . The circuit is shown in

Fig. 12.

The second comment refers to the complexity of the quantum algorithm as measured by system

size. In general it is difficult to find a state whose overlap scales polynomially with system size. If

one chooses a mean-field solution as the initial state, then the overlap decreases exponentially with

the system size; this is a “signal problem” which also arises in probabilistic classical simulations of
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scribed in Section III C 1 (setting V = Û(t) and U = 1l in Fig. 9). Once we have this expectation

value, we perform a classical fast Fourier transform (i.e.,
"
⟨Û(t)⟩eiλtdt) and obtain the eigenvalues

λn (see Appendix B):
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FIG. 3 Quantum circuit for simulating the three-body
Hamiltonian H = �z

1 ⌦ �z

2 ⌦ �z

3 . The circuit contains six
CNOT gates and utilizes a fourth, ancilla qubit (bottom line)
in order to achieve the desired e↵ective Hamiltonian (Nielsen
and Chuang, 2000).

2009a; Whitfield et al., 2011), showing that higher-order
decompositions can be more e�cient (see, e.g., (Dür
et al., 2008)). Recently quantum algorithms for simulat-
ing time-dependent Hamiltonian evolutions on a quan-
tum computer have also been investigated (Wiebe et al.,
2011). The topic was further discussed in (Poulin et al.,
2011) where it was shown that using randomness, it is
possible to e�ciently simulate local bounded Hamiltoni-
ans with arbitrary time dependence.

Let us now consider an example of constructing rather
complex operations from simple quantum gates. Take
the Hamiltonian

H = �z
1 ⌦ �z

2 ⌦ · · ·⌦ �z
N , (8)

where �z
i is the Pauli matrix acting on spin (qubit) i.

Throughout the paper we denote by �↵
i , with ↵ = x, y, z,

the corresponding Pauli matrix acting on spin (qubit)
i. The quantum circuit in Figure 3 realizes the unitary
transformation U = exp{�i~Ht} for N = 3 (Nielsen and
Chuang, 2000). It is composed of six two-qubit (CNOT)
gates and one single-qubit gate. Note that an ancilla
qubit is used. Similar quantum circuits can be written
for any product of Pauli matrices

H = ⌦N
l=1 �

↵
l . (9)

Although the example above might look simple, the
e�cient simulation of a general many-body interaction
Hamiltonian using two-body interactions is by no means
easy (Bennett et al., 2002; Nielsen et al., 2002). This
question has been thoroughly studied, and several meth-
ods have been developed (see, e.g., (Berry et al., 2007;
Bravyi et al., 2008; Bremner et al., 2005; Brown et al.,
2011; Dodd et al., 2002; Dür et al., 2008; Hastings, 2006;
Wang and Zanardi, 2002; Wocjan et al., 2002a,b,c)), but
it still remains a di�cult problem. Moreover, note that
ancilla qubits are required, which adds to the resource
requirements (see Section V. B).

Let us now take a look at another example: the algo-
rithm given in (Aspuru-Guzik et al., 2005) for the cal-
culation of molecular energies using a recursive phase-
estimation algorithm. The quantum circuit is shown in
Figure 4. This procedure provides an arbitrarily accurate
estimate of the energy, with the accuracy increasing with
increasing number of iterations. The first iteration gives

FIG. 4 Quantum circuit for the calculation of molecular en-
ergies in (Aspuru-Guzik et al., 2005). The circuit implements
the recursive phase estimation algorithm. The first iteration
gives the phase � (which represents the molecular energy)
to four bits of accuracy. Each subsequent iteration incorpo-
rates the previous estimate and increases the accuracy by one
bit, i.e. reduces the uncertainty by a factor of 2. Here H
denotes the Hadamard gate, QFT+ is the inverse quantum
Fourier transform and V

k

= [exp(�i2⇡�
k�1)V̂k�1]

2 (adapted
from (Aspuru-Guzik et al., 2005)).

a rough estimate for the energy. This estimate is then
used as a reference point for the next iteration, which
yields a better estimate. The procedure is repeated until
the desired precision is obtained.

So far, the literature has generally focused on the dis-
crete evolution of a quantum system, but recently, contin-
uous evolution has also been discussed (Biamonte et al.,
2011; McKague et al., 2009). Furthermore, it is usually
assumed that there is no restriction in applying one- and
two-qubit gates and that all qubits of the simulator can
be individually addressed and measured. An interesting
question is what Hamiltonians can be simulated under
certain control constraints. For example, (Kraus et al.,
2007) discussed the class of Hamiltonians that can be
simulated when one is restricted to applying translation-
ally invariant Hamiltonians. The authors showed that
if both local and nearest-neighbor interactions are con-
trollable, then the simulation of interactions in quadratic
fermionic and bosonic systems is possible. However, for
spins this is still an open problem.

Measurement — After obtaining | (t)i = U | (0)i
via the unitary evolution, we need to perform the final
measurement in order to extract the desired information.
In general, for characterizing a quantum state, quantum
state tomography (QST) (e.g., (D’Ariano et al., 2003))
can be used. However, QST requires resources that grow
exponentially with the size of the system, making it inef-
ficient for large quantum systems. In order to avoid this
problem, the direct estimation of certain physical quan-
tities such as correlation functions or spectra of opera-
tors is more desirable than taking the long route through
QST. A detailed discussion is given in (Ortiz et al., 2001;
Somma et al., 2002).

We consider two examples. The first one refers to
measurements of quantities that can be written in the
form hU†V i, where U and V are unitary operators. The
measurement circuit is shown in Figure 5. One ancilla
qubit that is initially in the state |+i = (|0i+ |1i)/p2 is

Calculation of energies of a 
molecule
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FIG. 5 Quantum circuits (A) for the measurement of the
quantity hU†V i for two unitary operators U and V , and (B)
for the measurement of the spectrum of a Hermitian operator
Q̂. Both algorithms use one ancilla qubit, which is initially
prepared in the state |+i = (|0i+ |1i)/

p
2. The black dot rep-

resents a |1i-controlled gate and the white dot a |0i-controlled
gate (adapted from (Somma et al., 2002)).

needed. The desired quantity, i.e. hU†V i, is given by the
expectation value h2�a

+i of the ancilla at the end of the
simulation (Here 2�a

+ = �a
x + i�a

y). The second exam-
ple pertains to measuring the spectrum of a Hermitian
operator Q̂. Again, one ancilla qubit that is initially in
the state |+i = (|0i+ |1i)/p2 is needed, and the desired
spectrum is obtained by analyzing the time dependence
of h2�a

+i. The measurement circuit is shown in Figure 5.

B. Analog quantum simulation (AQS)

“...there is to be an exact simulation, that the

computer will do exactly the same as nature.”

(Feynman, 1982)

Another approach to simulating quantum systems by
quantum mechanical means is analog quantum simula-
tion (AQS), in which one quantum system mimics (emu-
lates) another (see, e.g., (Fischer and Schützhold, 2004;
Manousakis, 2002; Porras and Cirac, 2004b; Smirnov
et al., 2007; Wei and Xue, 1997; Zagoskin et al., 2007)).
The Hamiltonian of the system to be simulated, Hsys, is
directly mapped onto the Hamiltonian of the simulator,
Hsim, which can be controlled at least to some extent:

Hsys  ! Hsim. (10)

This can be done if there is a mapping between the sys-
tem and the simulator (Somaroo et al., 1999). Then
|�(0)i can be mapped to | (0)i via an operator f
[| (0)i = f |�(0)i], and | (t)i can be mapped back to
|�(t)i via f�1. For Hamiltonians Hsim = fHsysf�1.
Note that the simulator may only partly reproduce the

dynamics of the system. The choice of the mapping de-
pends on what needs to be simulated and on the capabil-
ities of the simulator. In AQS one is usually emulating
an e↵ective many-body model of the simulated system.
A controllable “toy-model” of the system is used to re-
produce the property of interest, e.g. the dynamics or
ground state.
An important advantage of AQS is that it could be

useful even in the presence of errors, up to a certain tol-
erance level. For example, one is sometimes interested in
knowing whether a certain set of physical conditions leads
to a given quantum phase transition. Even without hav-
ing the full quantitative details, a qualitative answer can
be quite valuable in this context. If the quantum simula-
tor su↵ers from uncertainties in the control parameters,
the phase transition under study could still be observed,
hence providing the answer to the question of interest.
Finding the mapping in an AQS might, at first glance,

look simpler than obtaining the most e�cient gate de-
composition for a given Hamiltonian in DQS. Sometimes
the mapping is indeed straightforward, but this is not
always the case, and quite often clever mappings have
to be devised, sometimes involving additional externally
applied fields or ancillary systems to mediate various in-
teractions.
Let us now look at two examples of mappings between

quantum systems and the corresponding simulators. The
first is the Hamiltonian describing a gas of interacting
bosonic atoms in a periodic potential

Hsim = �J
X

i,j

â†i âj +
X

i

✏in̂i+
1

2
U
X

i

n̂i(n̂i� 1), (11)

where â†i and âi correspond to the bosonic creation and
annihilation operators of atoms on the ith lattice site,
n̂i = â†i âi is the atomic number operator counting the
number of atoms on the ith lattice site, and ✏i denotes
the energy o↵set of the ith lattice site due to an external
confining potential. The coe�cient J quantifies the hop-
ping strength between lattice sites, and U quantifies the
interaction strength between atoms occupying the same
lattice site. This Hamiltonian has a similar form to the
Bose-Hubbard Hamiltonian

HBH = �J
X

i,j

b̂†i b̂j +
1

2
U
X

i

n̂i(n̂i � 1)� µ
X

i

n̂i, (12)

where J and U are the same as above, and µ is the
chemical potential. The analog simulation of the Bose-
Hubbard model using atoms in optical lattices is there-
fore straightforward. However, in other situations one
must rewriteHsim in order to obtain the mappingHsys $
Hsim. For example, in the case of an array of Joseph-
son junctions as in (van Oudenaarden and Mooij, 1996)
the system is described by the quantum phase model,
which can be connected to the Bose-Hubbard model via
a mapping where the field operators âi are reformulated
in terms of the amplitude and phase of the superconduct-
ing order parameter at di↵erent points in the circuit.

Controllable to some extent

the problem the model the emulator?!?!
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FIG. 5 Quantum circuits (A) for the measurement of the
quantity hU†V i for two unitary operators U and V , and (B)
for the measurement of the spectrum of a Hermitian operator
Q̂. Both algorithms use one ancilla qubit, which is initially
prepared in the state |+i = (|0i+ |1i)/

p
2. The black dot rep-

resents a |1i-controlled gate and the white dot a |0i-controlled
gate (adapted from (Somma et al., 2002)).

needed. The desired quantity, i.e. hU†V i, is given by the
expectation value h2�a

+i of the ancilla at the end of the
simulation (Here 2�a

+ = �a
x + i�a

y). The second exam-
ple pertains to measuring the spectrum of a Hermitian
operator Q̂. Again, one ancilla qubit that is initially in
the state |+i = (|0i+ |1i)/p2 is needed, and the desired
spectrum is obtained by analyzing the time dependence
of h2�a

+i. The measurement circuit is shown in Figure 5.

B. Analog quantum simulation (AQS)

“...there is to be an exact simulation, that the

computer will do exactly the same as nature.”

(Feynman, 1982)

Another approach to simulating quantum systems by
quantum mechanical means is analog quantum simula-
tion (AQS), in which one quantum system mimics (emu-
lates) another (see, e.g., (Fischer and Schützhold, 2004;
Manousakis, 2002; Porras and Cirac, 2004b; Smirnov
et al., 2007; Wei and Xue, 1997; Zagoskin et al., 2007)).
The Hamiltonian of the system to be simulated, Hsys, is
directly mapped onto the Hamiltonian of the simulator,
Hsim, which can be controlled at least to some extent:

Hsys  ! Hsim. (10)

This can be done if there is a mapping between the sys-
tem and the simulator (Somaroo et al., 1999). Then
|�(0)i can be mapped to | (0)i via an operator f
[| (0)i = f |�(0)i], and | (t)i can be mapped back to
|�(t)i via f�1. For Hamiltonians Hsim = fHsysf�1.
Note that the simulator may only partly reproduce the

dynamics of the system. The choice of the mapping de-
pends on what needs to be simulated and on the capabil-
ities of the simulator. In AQS one is usually emulating
an e↵ective many-body model of the simulated system.
A controllable “toy-model” of the system is used to re-
produce the property of interest, e.g. the dynamics or
ground state.
An important advantage of AQS is that it could be

useful even in the presence of errors, up to a certain tol-
erance level. For example, one is sometimes interested in
knowing whether a certain set of physical conditions leads
to a given quantum phase transition. Even without hav-
ing the full quantitative details, a qualitative answer can
be quite valuable in this context. If the quantum simula-
tor su↵ers from uncertainties in the control parameters,
the phase transition under study could still be observed,
hence providing the answer to the question of interest.
Finding the mapping in an AQS might, at first glance,

look simpler than obtaining the most e�cient gate de-
composition for a given Hamiltonian in DQS. Sometimes
the mapping is indeed straightforward, but this is not
always the case, and quite often clever mappings have
to be devised, sometimes involving additional externally
applied fields or ancillary systems to mediate various in-
teractions.
Let us now look at two examples of mappings between

quantum systems and the corresponding simulators. The
first is the Hamiltonian describing a gas of interacting
bosonic atoms in a periodic potential

Hsim = �J
X

i,j

â†i âj +
X

i

✏in̂i+
1

2
U
X
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n̂i(n̂i� 1), (11)

where â†i and âi correspond to the bosonic creation and
annihilation operators of atoms on the ith lattice site,
n̂i = â†i âi is the atomic number operator counting the
number of atoms on the ith lattice site, and ✏i denotes
the energy o↵set of the ith lattice site due to an external
confining potential. The coe�cient J quantifies the hop-
ping strength between lattice sites, and U quantifies the
interaction strength between atoms occupying the same
lattice site. This Hamiltonian has a similar form to the
Bose-Hubbard Hamiltonian

HBH = �J
X

i,j

b̂†i b̂j +
1

2
U
X

i

n̂i(n̂i � 1)� µ
X

i

n̂i, (12)

where J and U are the same as above, and µ is the
chemical potential. The analog simulation of the Bose-
Hubbard model using atoms in optical lattices is there-
fore straightforward. However, in other situations one
must rewriteHsim in order to obtain the mappingHsys $
Hsim. For example, in the case of an array of Joseph-
son junctions as in (van Oudenaarden and Mooij, 1996)
the system is described by the quantum phase model,
which can be connected to the Bose-Hubbard model via
a mapping where the field operators âi are reformulated
in terms of the amplitude and phase of the superconduct-
ing order parameter at di↵erent points in the circuit.
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FIG. 5 Quantum circuits (A) for the measurement of the
quantity hU†V i for two unitary operators U and V , and (B)
for the measurement of the spectrum of a Hermitian operator
Q̂. Both algorithms use one ancilla qubit, which is initially
prepared in the state |+i = (|0i+ |1i)/

p
2. The black dot rep-

resents a |1i-controlled gate and the white dot a |0i-controlled
gate (adapted from (Somma et al., 2002)).

needed. The desired quantity, i.e. hU†V i, is given by the
expectation value h2�a

+i of the ancilla at the end of the
simulation (Here 2�a

+ = �a
x + i�a

y). The second exam-
ple pertains to measuring the spectrum of a Hermitian
operator Q̂. Again, one ancilla qubit that is initially in
the state |+i = (|0i+ |1i)/p2 is needed, and the desired
spectrum is obtained by analyzing the time dependence
of h2�a

+i. The measurement circuit is shown in Figure 5.

B. Analog quantum simulation (AQS)

“...there is to be an exact simulation, that the

computer will do exactly the same as nature.”

(Feynman, 1982)

Another approach to simulating quantum systems by
quantum mechanical means is analog quantum simula-
tion (AQS), in which one quantum system mimics (emu-
lates) another (see, e.g., (Fischer and Schützhold, 2004;
Manousakis, 2002; Porras and Cirac, 2004b; Smirnov
et al., 2007; Wei and Xue, 1997; Zagoskin et al., 2007)).
The Hamiltonian of the system to be simulated, Hsys, is
directly mapped onto the Hamiltonian of the simulator,
Hsim, which can be controlled at least to some extent:

Hsys  ! Hsim. (10)

This can be done if there is a mapping between the sys-
tem and the simulator (Somaroo et al., 1999). Then
|�(0)i can be mapped to | (0)i via an operator f
[| (0)i = f |�(0)i], and | (t)i can be mapped back to
|�(t)i via f�1. For Hamiltonians Hsim = fHsysf�1.
Note that the simulator may only partly reproduce the

dynamics of the system. The choice of the mapping de-
pends on what needs to be simulated and on the capabil-
ities of the simulator. In AQS one is usually emulating
an e↵ective many-body model of the simulated system.
A controllable “toy-model” of the system is used to re-
produce the property of interest, e.g. the dynamics or
ground state.
An important advantage of AQS is that it could be

useful even in the presence of errors, up to a certain tol-
erance level. For example, one is sometimes interested in
knowing whether a certain set of physical conditions leads
to a given quantum phase transition. Even without hav-
ing the full quantitative details, a qualitative answer can
be quite valuable in this context. If the quantum simula-
tor su↵ers from uncertainties in the control parameters,
the phase transition under study could still be observed,
hence providing the answer to the question of interest.
Finding the mapping in an AQS might, at first glance,

look simpler than obtaining the most e�cient gate de-
composition for a given Hamiltonian in DQS. Sometimes
the mapping is indeed straightforward, but this is not
always the case, and quite often clever mappings have
to be devised, sometimes involving additional externally
applied fields or ancillary systems to mediate various in-
teractions.
Let us now look at two examples of mappings between

quantum systems and the corresponding simulators. The
first is the Hamiltonian describing a gas of interacting
bosonic atoms in a periodic potential

Hsim = �J
X

i,j

â†i âj +
X
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n̂i(n̂i� 1), (11)

where â†i and âi correspond to the bosonic creation and
annihilation operators of atoms on the ith lattice site,
n̂i = â†i âi is the atomic number operator counting the
number of atoms on the ith lattice site, and ✏i denotes
the energy o↵set of the ith lattice site due to an external
confining potential. The coe�cient J quantifies the hop-
ping strength between lattice sites, and U quantifies the
interaction strength between atoms occupying the same
lattice site. This Hamiltonian has a similar form to the
Bose-Hubbard Hamiltonian
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where J and U are the same as above, and µ is the
chemical potential. The analog simulation of the Bose-
Hubbard model using atoms in optical lattices is there-
fore straightforward. However, in other situations one
must rewriteHsim in order to obtain the mappingHsys $
Hsim. For example, in the case of an array of Joseph-
son junctions as in (van Oudenaarden and Mooij, 1996)
the system is described by the quantum phase model,
which can be connected to the Bose-Hubbard model via
a mapping where the field operators âi are reformulated
in terms of the amplitude and phase of the superconduct-
ing order parameter at di↵erent points in the circuit.
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FIG. 5 Quantum circuits (A) for the measurement of the
quantity hU†V i for two unitary operators U and V , and (B)
for the measurement of the spectrum of a Hermitian operator
Q̂. Both algorithms use one ancilla qubit, which is initially
prepared in the state |+i = (|0i+ |1i)/

p
2. The black dot rep-

resents a |1i-controlled gate and the white dot a |0i-controlled
gate (adapted from (Somma et al., 2002)).
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expectation value h2�a
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ple pertains to measuring the spectrum of a Hermitian
operator Q̂. Again, one ancilla qubit that is initially in
the state |+i = (|0i+ |1i)/p2 is needed, and the desired
spectrum is obtained by analyzing the time dependence
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lates) another (see, e.g., (Fischer and Schützhold, 2004;
Manousakis, 2002; Porras and Cirac, 2004b; Smirnov
et al., 2007; Wei and Xue, 1997; Zagoskin et al., 2007)).
The Hamiltonian of the system to be simulated, Hsys, is
directly mapped onto the Hamiltonian of the simulator,
Hsim, which can be controlled at least to some extent:
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This can be done if there is a mapping between the sys-
tem and the simulator (Somaroo et al., 1999). Then
|�(0)i can be mapped to | (0)i via an operator f
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|�(t)i via f�1. For Hamiltonians Hsim = fHsysf�1.
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A controllable “toy-model” of the system is used to re-
produce the property of interest, e.g. the dynamics or
ground state.
An important advantage of AQS is that it could be

useful even in the presence of errors, up to a certain tol-
erance level. For example, one is sometimes interested in
knowing whether a certain set of physical conditions leads
to a given quantum phase transition. Even without hav-
ing the full quantitative details, a qualitative answer can
be quite valuable in this context. If the quantum simula-
tor su↵ers from uncertainties in the control parameters,
the phase transition under study could still be observed,
hence providing the answer to the question of interest.
Finding the mapping in an AQS might, at first glance,

look simpler than obtaining the most e�cient gate de-
composition for a given Hamiltonian in DQS. Sometimes
the mapping is indeed straightforward, but this is not
always the case, and quite often clever mappings have
to be devised, sometimes involving additional externally
applied fields or ancillary systems to mediate various in-
teractions.
Let us now look at two examples of mappings between

quantum systems and the corresponding simulators. The
first is the Hamiltonian describing a gas of interacting
bosonic atoms in a periodic potential

Hsim = �J
X

i,j

â†i âj +
X

i

✏in̂i+
1

2
U
X

i

n̂i(n̂i� 1), (11)

where â†i and âi correspond to the bosonic creation and
annihilation operators of atoms on the ith lattice site,
n̂i = â†i âi is the atomic number operator counting the
number of atoms on the ith lattice site, and ✏i denotes
the energy o↵set of the ith lattice site due to an external
confining potential. The coe�cient J quantifies the hop-
ping strength between lattice sites, and U quantifies the
interaction strength between atoms occupying the same
lattice site. This Hamiltonian has a similar form to the
Bose-Hubbard Hamiltonian

HBH = �J
X

i,j

b̂†i b̂j +
1

2
U
X

i

n̂i(n̂i � 1)� µ
X

i

n̂i, (12)

where J and U are the same as above, and µ is the
chemical potential. The analog simulation of the Bose-
Hubbard model using atoms in optical lattices is there-
fore straightforward. However, in other situations one
must rewriteHsim in order to obtain the mappingHsys $
Hsim. For example, in the case of an array of Joseph-
son junctions as in (van Oudenaarden and Mooij, 1996)
the system is described by the quantum phase model,
which can be connected to the Bose-Hubbard model via
a mapping where the field operators âi are reformulated
in terms of the amplitude and phase of the superconduct-
ing order parameter at di↵erent points in the circuit.

AQS of BH model
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FIG. 19 (color online) Examples of analog quantum simulators of quantum phase transitions using ultracold neutral atoms
(a) and trapped ions (b). (a) The quantum phase transition from a superfluid to a Mott insulator phase realized in (Greiner
et al., 2002) using rubidium atoms trapped in an optical lattice. The ratio between the tunneling energy and the on-site
interaction energy was controlled in (Greiner et al., 2002) by adjusting the lattice potential depth, such that the quantum
phase transition was observed. There are other alternative ways of simulating this quantum phase transition with arrays of
cavities (Hartmann et al., 2006), or arrays of Josephson junctions (van Oudenaarden and Mooij, 1996). (b) Magnetic quantum
phase transition simulated in (Friedenauer et al., 2008) using trapped calcium ions. The interactions between individual spins
and an external magnetic field were simulated by coupling the internal levels (representing the spin-1/2 states) with a resonant
RF field, while the spin-spin interactions were simulated using a state-dependent optical dipole force implemented by a walking
wave (reproduced from (Buluta and Nori, 2009)).

Fano-Anderson Hamiltonian can be written as follows:

HFA =
n�1X

l=0

"klc
†
kl
ckl + ✏b†b+ V (c†k0

b+ ck0b
†), (24)

where the fermionic operators c†kl
(ckl) and b† (b) create

(destroy) a spinless fermion in the conduction mode kl
and in the impurity, respectively. Note that in principle
the Hamiltonian in Eq. (24) can be diagonalized exactly.
Nevertheless, the experiment serves as a benchmark for
the experimental progress of quantum simulators. Re-
cently, the decoherence-induced localization of the size
of spin clusters was investigated in an NMR quantum
simulator (Álvarez and Suter, 2010). Thermal states of
frustrated spin systems were also simulated recently us-
ing NMR (Zhang et al., 2012).

As for AQS, optical lattices have been used to experi-
mentally realize a disordered system that may lead to the
observation of a Bose glass phase (Fallani et al., 2007).
In a recent experiment, the motional degrees of free-
dom of atoms trapped in an optical lattice were used
to simulate ferromagnetic, antiferromagnetic and frus-
trated classical spin configurations (Struck et al., 2011).
A rich phase diagram with di↵erent types of phase tran-
sitions was observed. Figure 20 shows examples of spin

configurations in a triangular lattice and their experi-
mental signatures. Furthermore, theoretical and experi-
mental studies have investigated possible routes towards
Anderson-like localization of atomic BECs in disordered
potentials (Billy et al., 2008; Roati et al., 2008; Schulte
et al., 2005). A review focused on the simulation of dis-
ordered quantum systems with quantum gases can be
found in (Bouyer, 2010). A chain of trapped ions could
also be used to explore the physics of disordered quan-
tum systems (Bermudez et al., 2010). In (Garcia-Ripoll
et al., 2008) the authors proposed a mapping between
superconducting circuits and the Hamiltonians describ-
ing magnetic impurities in conduction bands (Anderson
and Kondo models). A recent experiment on a driven
superconducting qubit (Gustavsson et al., 2013), along
with the appropriate mapping, exhibited an analogue of
universal conductance fluctuations, which are typically
studied in the context of particle propagation in two-
dimensional disordered media.

Geometric frustration refers to the situation in which
the geometric properties of the crystal lattice forbid the
simultaneous minimization of all the interaction energies
acting in a given region (see Figure 21). Well-known
examples include the antiferromagnetic Ising model on
a triangular lattice or the antiferromagnetic Heisenberg

AQS of BH model
tunnelling
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FIG. 5 Quantum circuits (A) for the measurement of the
quantity hU†V i for two unitary operators U and V , and (B)
for the measurement of the spectrum of a Hermitian operator
Q̂. Both algorithms use one ancilla qubit, which is initially
prepared in the state |+i = (|0i+ |1i)/

p
2. The black dot rep-

resents a |1i-controlled gate and the white dot a |0i-controlled
gate (adapted from (Somma et al., 2002)).

needed. The desired quantity, i.e. hU†V i, is given by the
expectation value h2�a

+i of the ancilla at the end of the
simulation (Here 2�a

+ = �a
x + i�a

y). The second exam-
ple pertains to measuring the spectrum of a Hermitian
operator Q̂. Again, one ancilla qubit that is initially in
the state |+i = (|0i+ |1i)/p2 is needed, and the desired
spectrum is obtained by analyzing the time dependence
of h2�a

+i. The measurement circuit is shown in Figure 5.

B. Analog quantum simulation (AQS)

“...there is to be an exact simulation, that the

computer will do exactly the same as nature.”

(Feynman, 1982)

Another approach to simulating quantum systems by
quantum mechanical means is analog quantum simula-
tion (AQS), in which one quantum system mimics (emu-
lates) another (see, e.g., (Fischer and Schützhold, 2004;
Manousakis, 2002; Porras and Cirac, 2004b; Smirnov
et al., 2007; Wei and Xue, 1997; Zagoskin et al., 2007)).
The Hamiltonian of the system to be simulated, Hsys, is
directly mapped onto the Hamiltonian of the simulator,
Hsim, which can be controlled at least to some extent:

Hsys  ! Hsim. (10)

This can be done if there is a mapping between the sys-
tem and the simulator (Somaroo et al., 1999). Then
|�(0)i can be mapped to | (0)i via an operator f
[| (0)i = f |�(0)i], and | (t)i can be mapped back to
|�(t)i via f�1. For Hamiltonians Hsim = fHsysf�1.
Note that the simulator may only partly reproduce the

dynamics of the system. The choice of the mapping de-
pends on what needs to be simulated and on the capabil-
ities of the simulator. In AQS one is usually emulating
an e↵ective many-body model of the simulated system.
A controllable “toy-model” of the system is used to re-
produce the property of interest, e.g. the dynamics or
ground state.
An important advantage of AQS is that it could be

useful even in the presence of errors, up to a certain tol-
erance level. For example, one is sometimes interested in
knowing whether a certain set of physical conditions leads
to a given quantum phase transition. Even without hav-
ing the full quantitative details, a qualitative answer can
be quite valuable in this context. If the quantum simula-
tor su↵ers from uncertainties in the control parameters,
the phase transition under study could still be observed,
hence providing the answer to the question of interest.
Finding the mapping in an AQS might, at first glance,

look simpler than obtaining the most e�cient gate de-
composition for a given Hamiltonian in DQS. Sometimes
the mapping is indeed straightforward, but this is not
always the case, and quite often clever mappings have
to be devised, sometimes involving additional externally
applied fields or ancillary systems to mediate various in-
teractions.
Let us now look at two examples of mappings between

quantum systems and the corresponding simulators. The
first is the Hamiltonian describing a gas of interacting
bosonic atoms in a periodic potential

Hsim = �J
X

i,j

â†i âj +
X

i

✏in̂i+
1

2
U
X

i

n̂i(n̂i� 1), (11)

where â†i and âi correspond to the bosonic creation and
annihilation operators of atoms on the ith lattice site,
n̂i = â†i âi is the atomic number operator counting the
number of atoms on the ith lattice site, and ✏i denotes
the energy o↵set of the ith lattice site due to an external
confining potential. The coe�cient J quantifies the hop-
ping strength between lattice sites, and U quantifies the
interaction strength between atoms occupying the same
lattice site. This Hamiltonian has a similar form to the
Bose-Hubbard Hamiltonian

HBH = �J
X

i,j

b̂†i b̂j +
1

2
U
X

i

n̂i(n̂i � 1)� µ
X

i

n̂i, (12)

where J and U are the same as above, and µ is the
chemical potential. The analog simulation of the Bose-
Hubbard model using atoms in optical lattices is there-
fore straightforward. However, in other situations one
must rewriteHsim in order to obtain the mappingHsys $
Hsim. For example, in the case of an array of Joseph-
son junctions as in (van Oudenaarden and Mooij, 1996)
the system is described by the quantum phase model,
which can be connected to the Bose-Hubbard model via
a mapping where the field operators âi are reformulated
in terms of the amplitude and phase of the superconduct-
ing order parameter at di↵erent points in the circuit.

Very important critical effect in many-body physics
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FIG. 10 (color online) Polar molecules trapped in a plane
by an optical potential created by two counter-propagating
laser beams with wavevectors indicated by blue arrows. The
dipoles are aligned perpendicular to the plane by a dc electric
field, indicated by the red arrow. The green arrow repre-
sents the ac microwave field (reproduced from (Pupillo et al.,
2009)).

FIG. 11 (color online) Arrangement of electrodes for the real-
ization of a bilayer honeycomb lattice. The micro-trapping re-
gions are shown as ellipsoids, while the locations of unwanted
spurious microtraps are indicated with small spheres (repro-
duced from (Schmied et al., 2009)).

trapped ions have resulted in the most advanced imple-
mentations of DQS to date (Barreiro et al., 2011; Lanyon
et al., 2011). Analog quantum simulations of frustrated
spin systems (Kim et al., 2010) and of relativistic single-
particle motion (Gerritsma et al., 2011) have also been
demonstrated recently.

Ions have generally been trapped using linear harmonic
traps in quantum-simulation experiments to date. It is
possible, however, to obtain di↵erent arrangements of
many ions in anharmonic one-dimensional traps (long ion

FIG. 12 A one-dimensional array of cavities with atoms
trapped in the cavities. Photons can hop between the di↵er-
ent cavities because of the overlap between the light modes in
adjacent cavities. The atoms can be driven using externally
applied lasers. The atoms and cavities form hybrid excita-
tions (polaritons) that can hop between the di↵erent cavities
and that e↵ectively interact with each other. The polariton-
polariton interaction strength can, for example, be tuned via
the atom-cavity detuning (reproduced from (Hartmann et al.,
2006)).

strings (Lin et al., 2009)), two-dimensional traps (planar
crystals (Biercuk et al., 2009; Buluta et al., 2008; Porras
and Cirac, 2006b) or arrays of microtraps (Chiaverini and
Lybarger, 2008; Clark et al., 2009b; Lau and James, 2012;
Schmied et al., 2010, 2009)) or three-dimensional traps.
It would also be possible to combine trapped ions with
optical lattices, as suggested in (Schmied et al., 2008).
With optimized electrode structures, various microtrap
arrays where ions are arranged in di↵erent lattice con-
figurations (see Figure 11), can be constructed (Schmied
et al., 2009, 2011). In fact a two-dimensional ion array
was recently used to implement a quantum simulation
of a spin system with hundreds of ions (Britton et al.,
2012).

There are also alternative ways to generate two-qubit
interactions between ions. One such possibility is to
use a state-dependent displacement, which can be im-
plemented by applying optical dipole forces (Blatt and
Wineland, 2008). This method is particularly useful
for ions trapped in di↵erent harmonic potentials (e.g.,
in arrays of microtraps), but in most of the experi-
ments done to date it has been realized with ions in
the same potential. In Figure 9 (b), the manipulation
of ions in a one-dimensional array of microtraps is de-
picted schematically. Two-qubit interactions are usually
realized with optical forces, but a method for laserless
simulation (avoiding the problem of scattering) with ions
in arrays of microtraps has been proposed in (Chiaverini
and Lybarger, 2008) and very recently demonstrated in
(Ospelkaus et al., 2011; Timoney et al., 2011).

Atoms in cavity arrays (see Figure 12) (Angelakis
et al., 2007; Brandao et al., 2007; Greentree et al., 2006;
Hartmann et al., 2006) could also be used as quantum
simulators (see also (Kimble, 2008)). This system pro-
vides an alternative way of simulating the Bose-Hubbard
model and quantum phase transitions as well as spin
models (Kay and Angelakis, 2008).

In the absence of atoms, the cavity array is described

Bose-Hubbard model via coupled cavity systems
Angelakis et al. PRA 2007 Greentree et al. PRA 2006

Hartmann et al. Nat. Phys. 2006
15

by the Hamiltonian:

H = !c

X

R

✓
a†RaR +

1

2

◆
+2!c↵

X

R,R0

(a†RaR0+h.c.), (17)

where a†R creates a photon in the cavity at site R, !c is
the frequency of the relevant cavity mode, and ↵ is the
inter-cavity coupling coe�cient (Hartmann et al., 2006).
One now introduces an atom or ensemble of atoms in
each cavity, and these atoms can be driven by external
lasers. The atoms trapped in a cavity together with the
photons in the same cavity form hybrid excitations called
polaritons. The nonlinearity introduced by the atoms
results in e↵ective polariton-polariton interactions, which
can be utilized for simulating, for example, the Mott-
insulator-superfluid phase transition.

Arrays of cavities in an arbitrary geometry may be
realized with photonic bandgap cavities and toroidal or
spherical microcavities coupled via tapered optical fibers
(Greentree et al., 2006). However, these might be quite
challenging to realize experimentally.

A recent proposal suggested measurement and feed-
back control as tools for realizing quantum simulation in
atom-cavity systems (Vollbrecht and Cirac, 2009), while
others considered the possibility of using atom-cavity sys-
tems for simulating the high-spin Heisenberg model (Cho
et al., 2008b) and the fractional quantum Hall e↵ect (Cho
et al., 2008a). Arrays of cavities could also be used to
study the quantum analogue of Fabry-Perot interferom-
eters as suggested in (Zhou et al., 2008a).

B. Nuclear and electronic spins

Nuclear spins manipulated by means of NMR have
been among the first experimental systems to implement
small quantum algorithms and quantum simulation (Li
et al., 2011; Peng and Suter, 2010; Peng et al., 2009;
Zhang et al., 2012). Nuclear spin qubits have long co-
herence times (> 1 s), and high-fidelity quantum gates
and the coherent control of up to 12 qubits have been
demonstrated.

In the presence of a strong magnetic field pointing
along the z-axis, the general form of the NMR Hamil-
tonian is:

H = �~�B
X

i

Izi +
X

i>j

JijI
z
i I

z
j , (18)

where � is the gyromagnetic ratio, B is the magnetic field,
I is the angular momentum operator, and Jij are the
spin-spin coupling coe�cients (Chen et al., 2007b). The
di↵erent transitions between pairs of energy levels gen-
erally have distinct resonance frequencies, allowing the
addressing of the individual transitions based on their
frequencies. Using RF pulses various one-, two- and pos-
sibly multi-qubit gates can be implemented. The field
of NMR benefits from very well developed control tech-
niques. However, it is not very flexible and its main

FIG. 13 An array of quantum dots realized by a metallic
gate with an array of two di↵erent size holes placed on top
of an Al

x

Ga1�x

As/GaAs heterostructure. A negative gate
voltage is applied to this gate in order to create a potential
for the two-dimensional electron gas that is otherwise free
to move at the Al

x

Ga1�x

As/GaAs interface. This was one
of the early theoretical proposals for AQS. (reproduced from
(Manousakis, 2002)).

disadvantage is the lack of scalability, one of the main
reasons being the spectral crowding that occurs as the
number of energy levels increases exponentially with in-
creasing number of spins. Although in solid-state NMR
the scalability drawback may be overcome to some ex-
tent, individual addressing and measurement would still
be impractical. Nevertheless, nuclear spins provide a very
good testbed for various small simulation problems and
allow the implementation of both DQS and AQS. Fur-
thermore, a recent proposal suggested that nuclear spins
attached to a diamond surface and addressed through
nitrogen-vacancy (NV) centers could o↵er an attractive
route toward large-scale quantum simulator for strongly
correlated systems (Cai et al., 2013).
Another system that could be used for quantum simu-

lation is electron spins in semiconductor quantum dots
(Hanson and Awschalom, 2008). Quantum dots are semi-
conductor systems in which the excitations are confined
in a very small region in one or two dimensions. If the
region is roughly the same size as the wavelength of
the charge carrier, the energy levels are quantized and
the quantum dot becomes very similar to a real atom
(and can therefore be referred to as an “artificial atom”).
Moreover, quantum dots allow flexible control over the
confinement potential and they can also be excited op-
tically. Furthermore, quantum dots with large tunnel
coupling can act as “artificial molecules”. These features
make electron spins in quantum dots particularly attrac-
tive for quantum simulation.
Quantum dots can be defined at fabrication or by ap-

plying bias voltages using electrodes placed above a two-
dimensional electron gas. They can be designed to have
certain characteristics and assembled in large arrays. The
manipulation and readout can be done both electrically
and optically. State-of-the-art quantum-dot qubits now
have long decay times of > 1 s (Amasha et al., 2008).
Arrays of quantum dots could be realized using two-
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FIG. 14 (color online) Schematic diagram of an array of
superconducting flux qubits (see, e.g., (Ashhab et al., 2008)).
The green circuits are used to couple the flux qubits (blue),
while the brown circuits are used to read out the states of the
qubits. The gaps represent tunnel junctions.

dimensional mesh gates (Byrnes et al., 2008; Manousakis,
2002) (see Figure 13). Alternatively, in (Byrnes et al.,
2007) it was proposed that interfering acoustic waves
could be used to form an analogue of optical lattices in
a two-dimensional electron-gas, but this latter approach
has the disadvantage of heating and complicated engi-
neering. By adjusting the mesh-gate design and voltage,
various lattice geometries could be created. Electron
spins in quantum dots may provide an advantage over
atoms in optical lattices due to the very low temperatures
(relative to the Fermi temperature) that can be reached
and the natural long-range Coulomb interaction. In a re-
cent experiment, the predictions of the two-dimensional
Mott-Hubbard model were tested for electrons in an ar-
tificial honeycomb lattice (Singha et al., 2011).

The Hamiltonian for an array of quantum dots is given
by

H =
nX

j=1

µBgj(t)Bj(t) · Sj +
X

1j<kn

Jjk(t)Sj · Sk, (19)

where the first term is the energy due to an applied mag-
netic field Bj , and the second term is the exchange in-
teraction energy, which is a result of virtual tunneling
between the quantum dots. Here, Sj is the spin of the
electric charge quanta of the j-th dot (Chen et al., 2007b).
The interactions between the qubits can be engineered by
adjusting the gate voltages together with a careful choice
of the mesh hole sizes and doping (Manousakis, 2002).

C. Superconducting circuits

Superconducting circuits (Clarke and Wilhelm, 2008;
You and Nori, 2005, 2011) (see Figure 14) can also be
used as quantum simulators. Quantum information can
be encoded in di↵erent ways: in the number of super-
conducting electrons on a small island, in the direction

of a current around a loop, or in oscillatory states of
the circuit. The circuit can be manipulated by applied
voltages and currents (including both dc and microwave-
frequency ac signals) and measured with high accuracy
using integrated on-chip instruments. Although macro-
scopic in size, these circuits can display quantum behav-
ior and can be seen as “artificial atoms”. The advantage
over real atoms is that superconducting circuits can be
designed and constructed to tailor their characteristic fre-
quencies, interaction strengths and so on. The frequen-
cies can also be tuned in situ by adjusting an external
parameter (typically an external magnetic field), and the
coupling energy between two qubits can be turned on
and o↵ at will. Furthermore, superconducting circuits
can be coupled to “cavities”, which are actually elec-
trical resonators (and the “photons” are, for the most
part, electron-density oscillations). This setup is very
useful for the study of electric-circuit analogues of cavity
quantum electrodynamics (circuit QED) (Schoelkopf and
Girvin, 2008; You and Nori, 2005, 2011).

State-of-the-art superconducting qubits have coher-
ence times exceeding 100µs (i.e. decoherence rates below
10 kHz), which is quite high considering that other en-
ergy scales in the circuit are typically in the range 10
MHz - 10 GHz. Individual control and measurement
have been demonstrated (Mariantoni et al., 2011). Fur-
thermore high-fidelity one-, two and three-qubit quantum
gates have been demonstrated. With this level of control,
DQS could be implemented in a superconducting circuit
in the near future.

The Hamiltonian for N charge (flux) qubits biased at
their symmetry points (which is optimal for quantum co-
herence) coupled capacitively (inductively) is:

H = �
NX

i=1

�i

2
�z
i �

X

(i,j)

Jij�
x
i �

x
j , (20)

where �i is the level splitting and Jij is the strength of
the coupling between qubits i and j. It should be noted,
however, that superconducting circuits have more than
two energy levels, and these additional levels could also
be utilized. Indeed, a recent experiment demonstrated
AQS of a spin larger than 1/2 using this approach (Neeley
et al., 2009).
As for scalability, circuits containing 512 qubits have

been fabricated (Harris, 2012; Harris et al., 2010), al-
though quantum coherence was not tested on these cir-
cuits in the same way that coherence is commonly tested
in other experiments using small numbers of qubits.
Furthermore, more than 200 superconducting resonators
were recently fabricated on a single chip (Houck et al.,
2012). If qubits are integrated into such a circuit, it could
realize the proposal of atom-cavity arrays (or Jaynes-
Cummings lattices), performed with artificial atoms and
cavities (see Figure 15). It has also been proposed that
artificial gauge fields could be simulated with such cir-
cuits (Koch et al., 2010). A related study proposed an
approach to universal quantum computation and simu-

Anisotropic Heisenberg model via coupled quantum dots
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FIG. 14 (color online) Schematic diagram of an array of
superconducting flux qubits (see, e.g., (Ashhab et al., 2008)).
The green circuits are used to couple the flux qubits (blue),
while the brown circuits are used to read out the states of the
qubits. The gaps represent tunnel junctions.

dimensional mesh gates (Byrnes et al., 2008; Manousakis,
2002) (see Figure 13). Alternatively, in (Byrnes et al.,
2007) it was proposed that interfering acoustic waves
could be used to form an analogue of optical lattices in
a two-dimensional electron-gas, but this latter approach
has the disadvantage of heating and complicated engi-
neering. By adjusting the mesh-gate design and voltage,
various lattice geometries could be created. Electron
spins in quantum dots may provide an advantage over
atoms in optical lattices due to the very low temperatures
(relative to the Fermi temperature) that can be reached
and the natural long-range Coulomb interaction. In a re-
cent experiment, the predictions of the two-dimensional
Mott-Hubbard model were tested for electrons in an ar-
tificial honeycomb lattice (Singha et al., 2011).

The Hamiltonian for an array of quantum dots is given
by

H =
nX

j=1

µBgj(t)Bj(t) · Sj +
X

1j<kn

Jjk(t)Sj · Sk, (19)

where the first term is the energy due to an applied mag-
netic field Bj , and the second term is the exchange in-
teraction energy, which is a result of virtual tunneling
between the quantum dots. Here, Sj is the spin of the
electric charge quanta of the j-th dot (Chen et al., 2007b).
The interactions between the qubits can be engineered by
adjusting the gate voltages together with a careful choice
of the mesh hole sizes and doping (Manousakis, 2002).

C. Superconducting circuits

Superconducting circuits (Clarke and Wilhelm, 2008;
You and Nori, 2005, 2011) (see Figure 14) can also be
used as quantum simulators. Quantum information can
be encoded in di↵erent ways: in the number of super-
conducting electrons on a small island, in the direction

of a current around a loop, or in oscillatory states of
the circuit. The circuit can be manipulated by applied
voltages and currents (including both dc and microwave-
frequency ac signals) and measured with high accuracy
using integrated on-chip instruments. Although macro-
scopic in size, these circuits can display quantum behav-
ior and can be seen as “artificial atoms”. The advantage
over real atoms is that superconducting circuits can be
designed and constructed to tailor their characteristic fre-
quencies, interaction strengths and so on. The frequen-
cies can also be tuned in situ by adjusting an external
parameter (typically an external magnetic field), and the
coupling energy between two qubits can be turned on
and o↵ at will. Furthermore, superconducting circuits
can be coupled to “cavities”, which are actually elec-
trical resonators (and the “photons” are, for the most
part, electron-density oscillations). This setup is very
useful for the study of electric-circuit analogues of cavity
quantum electrodynamics (circuit QED) (Schoelkopf and
Girvin, 2008; You and Nori, 2005, 2011).

State-of-the-art superconducting qubits have coher-
ence times exceeding 100µs (i.e. decoherence rates below
10 kHz), which is quite high considering that other en-
ergy scales in the circuit are typically in the range 10
MHz - 10 GHz. Individual control and measurement
have been demonstrated (Mariantoni et al., 2011). Fur-
thermore high-fidelity one-, two and three-qubit quantum
gates have been demonstrated. With this level of control,
DQS could be implemented in a superconducting circuit
in the near future.

The Hamiltonian for N charge (flux) qubits biased at
their symmetry points (which is optimal for quantum co-
herence) coupled capacitively (inductively) is:

H = �
NX

i=1

�i

2
�z
i �

X

(i,j)
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i �

x
j , (20)

where �i is the level splitting and Jij is the strength of
the coupling between qubits i and j. It should be noted,
however, that superconducting circuits have more than
two energy levels, and these additional levels could also
be utilized. Indeed, a recent experiment demonstrated
AQS of a spin larger than 1/2 using this approach (Neeley
et al., 2009).
As for scalability, circuits containing 512 qubits have

been fabricated (Harris, 2012; Harris et al., 2010), al-
though quantum coherence was not tested on these cir-
cuits in the same way that coherence is commonly tested
in other experiments using small numbers of qubits.
Furthermore, more than 200 superconducting resonators
were recently fabricated on a single chip (Houck et al.,
2012). If qubits are integrated into such a circuit, it could
realize the proposal of atom-cavity arrays (or Jaynes-
Cummings lattices), performed with artificial atoms and
cavities (see Figure 15). It has also been proposed that
artificial gauge fields could be simulated with such cir-
cuits (Koch et al., 2010). A related study proposed an
approach to universal quantum computation and simu-

Transverse Ising model via coupled superconducting flux qubits
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FIG. 14 (color online) Schematic diagram of an array of
superconducting flux qubits (see, e.g., (Ashhab et al., 2008)).
The green circuits are used to couple the flux qubits (blue),
while the brown circuits are used to read out the states of the
qubits. The gaps represent tunnel junctions.

dimensional mesh gates (Byrnes et al., 2008; Manousakis,
2002) (see Figure 13). Alternatively, in (Byrnes et al.,
2007) it was proposed that interfering acoustic waves
could be used to form an analogue of optical lattices in
a two-dimensional electron-gas, but this latter approach
has the disadvantage of heating and complicated engi-
neering. By adjusting the mesh-gate design and voltage,
various lattice geometries could be created. Electron
spins in quantum dots may provide an advantage over
atoms in optical lattices due to the very low temperatures
(relative to the Fermi temperature) that can be reached
and the natural long-range Coulomb interaction. In a re-
cent experiment, the predictions of the two-dimensional
Mott-Hubbard model were tested for electrons in an ar-
tificial honeycomb lattice (Singha et al., 2011).

The Hamiltonian for an array of quantum dots is given
by

H =
nX

j=1

µBgj(t)Bj(t) · Sj +
X

1j<kn

Jjk(t)Sj · Sk, (19)

where the first term is the energy due to an applied mag-
netic field Bj , and the second term is the exchange in-
teraction energy, which is a result of virtual tunneling
between the quantum dots. Here, Sj is the spin of the
electric charge quanta of the j-th dot (Chen et al., 2007b).
The interactions between the qubits can be engineered by
adjusting the gate voltages together with a careful choice
of the mesh hole sizes and doping (Manousakis, 2002).

C. Superconducting circuits

Superconducting circuits (Clarke and Wilhelm, 2008;
You and Nori, 2005, 2011) (see Figure 14) can also be
used as quantum simulators. Quantum information can
be encoded in di↵erent ways: in the number of super-
conducting electrons on a small island, in the direction

of a current around a loop, or in oscillatory states of
the circuit. The circuit can be manipulated by applied
voltages and currents (including both dc and microwave-
frequency ac signals) and measured with high accuracy
using integrated on-chip instruments. Although macro-
scopic in size, these circuits can display quantum behav-
ior and can be seen as “artificial atoms”. The advantage
over real atoms is that superconducting circuits can be
designed and constructed to tailor their characteristic fre-
quencies, interaction strengths and so on. The frequen-
cies can also be tuned in situ by adjusting an external
parameter (typically an external magnetic field), and the
coupling energy between two qubits can be turned on
and o↵ at will. Furthermore, superconducting circuits
can be coupled to “cavities”, which are actually elec-
trical resonators (and the “photons” are, for the most
part, electron-density oscillations). This setup is very
useful for the study of electric-circuit analogues of cavity
quantum electrodynamics (circuit QED) (Schoelkopf and
Girvin, 2008; You and Nori, 2005, 2011).

State-of-the-art superconducting qubits have coher-
ence times exceeding 100µs (i.e. decoherence rates below
10 kHz), which is quite high considering that other en-
ergy scales in the circuit are typically in the range 10
MHz - 10 GHz. Individual control and measurement
have been demonstrated (Mariantoni et al., 2011). Fur-
thermore high-fidelity one-, two and three-qubit quantum
gates have been demonstrated. With this level of control,
DQS could be implemented in a superconducting circuit
in the near future.

The Hamiltonian for N charge (flux) qubits biased at
their symmetry points (which is optimal for quantum co-
herence) coupled capacitively (inductively) is:

H = �
NX

i=1

�i

2
�z
i �

X

(i,j)

Jij�
x
i �

x
j , (20)

where �i is the level splitting and Jij is the strength of
the coupling between qubits i and j. It should be noted,
however, that superconducting circuits have more than
two energy levels, and these additional levels could also
be utilized. Indeed, a recent experiment demonstrated
AQS of a spin larger than 1/2 using this approach (Neeley
et al., 2009).
As for scalability, circuits containing 512 qubits have

been fabricated (Harris, 2012; Harris et al., 2010), al-
though quantum coherence was not tested on these cir-
cuits in the same way that coherence is commonly tested
in other experiments using small numbers of qubits.
Furthermore, more than 200 superconducting resonators
were recently fabricated on a single chip (Houck et al.,
2012). If qubits are integrated into such a circuit, it could
realize the proposal of atom-cavity arrays (or Jaynes-
Cummings lattices), performed with artificial atoms and
cavities (see Figure 15). It has also been proposed that
artificial gauge fields could be simulated with such cir-
cuits (Koch et al., 2010). A related study proposed an
approach to universal quantum computation and simu-

Mariantoni et al., Science 2011
Neeley et al., Science 2009
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FIG. 8 (color online) Di↵erent systems that could implement
a specialized quantum simulator for the study of problems in
condensed-matter physics. Examples of such analog quan-
tum simulators include: atoms, ions, photons, nuclear and
electronic spins, as well as superconducting circuits. These
systems could be designed such that they form one- or two-
dimensional arrays of qubits that can be manipulated in dif-
ferent manners. They can be thought of as toy-models of the
magnified lattice structure of a “solid”, with a magnification
factor of a few orders of magnitude.

A. Atoms and ions

Neutral atoms in optical lattices are very well suited
for mimicking solid-state systems. Indeed, optical lat-
tices provide the highly desirable properties of being eas-
ily tunable and essentially defect-free. The optical poten-
tials can be adjusted to allow the change of the geometry
and dimensionality of the lattice (e.g., triangular lattice
(Struck et al., 2011) and Kagome lattice (Liu et al., 2010),
etc.). Interestingly, the optical potential can be tuned in

situ rather easily via the intensity, frequency or phase of
the applied lasers.

Since the first experiment on the simulation of the
quantum phase transition from a superfluid to a Mott
insulator using a cold atomic gas in an optical lattice
(Greiner et al., 2002), there has been increasing interest
in the study of condensed matter physics with atoms in
optical lattices. A theoretical review (Lewenstein et al.,
2007) discusses in detail atoms in optical lattices as po-
tential quantum simulators, providing various examples
of quantum systems that could be simulated. Other re-
views (Bloch et al., 2012, 2008) describe recent experi-
mental progress.

Atoms in optical lattices are flexible systems with sev-
eral controllable parameters: tunneling strength, on-site,
nearest-neighbor, long-range and multiparticle interac-
tions, nonuniform potentials and coupling between inter-

nal quantum states. Furthermore, there are both bosonic
and fermionic elements that can be used for quantum
simulation with atoms in optical lattices. A rather gen-
eral type of Hubbard Hamiltonian that can be realized
in these systems is:

H = Hhop +Hinteraction +Hpot +Hinternal, (15)

where Hhop describes the tunneling of atoms from one
lattice site to another, Hinteraction is the interaction part,
Hpot combines all the e↵ects of the nonuniform potentials
felt by the atoms, and Hinternal describes coherent on-site
transitions between the internal levels of the atoms.
A quantum simulation of the Mott insulator-superfluid

phase transition in the Hubbard model can be realized by
adjusting the depth of the optical lattice, which mainly
modifies the tunneling strength and to a lesser extent
modifies the on-site interaction strength, or by control-
ling the on-site interactions via Feschbach resonances
(Lewenstein et al., 2007)(see Section VII.A.1 on the sim-
ulation of the Hubbard model).
By tuning interatomic interactions using Feshbach res-

onances, it was possible to investigate the crossover from
a Bardeen-Cooper-Schrie↵er (BCS) state of weakly at-
tractive fermions to a Bose-Einstein condensate (BEC)
of tightly bound fermion pairs (Regal et al., 2004; Zwier-
lein et al., 2005). The continuous tunability of the inter-
action strength also allowed access to the so-called uni-
tarity regime (O’Hara et al., 2002), where the interaction
strength is comparable to the Fermi energy, meaning that
there is a single energy scale in the problem. This regime
was previously inaccessible and served as one more exam-
ple demonstrating the power of atoms as quantum simu-
lators.
Using laser-assisted tunneling and lattice tilting, (Si-

mon et al., 2011) achieved the simulation of an antiferro-
magnetically coupled spin chain in an external magnetic
field. In this simulation the occupation of lattice sites
was mapped onto the spin states of a quantum magnet.
In particular, a pair of neighboring lattice sites sharing a
single particle are mapped onto a (static) spin-1/2 parti-
cle in the quantum magnet. It should also be possible to
utilize the intrinsic spins of atoms in optical lattices for
this purpose. However, no such simulations have been
performed to date.
Another recently emerging direction for quantum sim-

ulation using atomic gases is the simulation of artificial
gauge fields (Dalibard et al., 2011). At a basic level, an
overall rotation of the trapping potential can be used to
simulate a magnetic field (for the orbital degree of free-
dom). More intricate techniques that rely on additional
lasers have been devised in the past few years for the
simulation of various types of gauge fields, allowing the
observation of spin-orbit coupling in a BEC (Lin et al.,
2011b).
Currently, addressing individual atoms in optical lat-

tices is di�cult because the separation between neigh-
boring lattice sites is comparable to the best achievable
focusing widths of laser beams (both typically being 0.5-

29

TABLE II Potential applications of quantum simulators and the physical systems in which they could be implemented, along
with relevant references. Asterisks denote experimental realizations. We note that this is not an exhaustive list.

Application Proposed implementation

Condensed matter physics:

Hubbard models Atoms (Jaksch et al., 1998),(Greiner et al., 2002)*
Ions (Deng et al., 2008)
Polar molecules (Ortner et al., 2009)
Quantum dots (Byrnes et al., 2008)
Cavities (Greentree et al., 2006; Hartmann et al., 2006),
(Angelakis et al., 2007)

Spin models Atoms (Garcia-Ripoll et al., 2004; Jané et al., 2003),
(Simon et al., 2011; Struck et al., 2011)*
Ions (Jané et al., 2003; Porras and Cirac, 2004b),
(Bermudez et al., 2009; Deng et al., 2005),
(Edwards et al., 2010; Lanyon et al., 2011)*,
(Britton et al., 2012; Kim et al., 2011)*
Cavities (Chen et al., 2010; Cho et al., 2008b)
Nuclear spins on diamond surface (Cai et al., 2013)
Superconducting circuits (Tsokomos et al., 2010)
Electrons on helium (Mostame and Schützhold, 2008)

Quantum phase transitions Atoms (Greiner et al., 2002)*
Polar molecules (Capogrosso-Sansone et al., 2010),
(Pollet et al., 2010)
Ions (Giorgi et al., 2010; Retzker et al., 2008),
(Ivanov et al., 2009), (Friedenauer et al., 2008)*,
NMR, (Peng et al., 2005; Roumpos et al., 2007),
(Zhang et al., 2008)
Superconducting circuits (van Oudenaarden and Mooij, 1996)*

Spin glasses DQS (Lidar and Biham, 1997)
Superconducting circuits (Tsomokos et al., 2008)

Disordered systems Atoms (Fallani et al., 2007; Schulte et al., 2005)*,
(Billy et al., 2008; Roati et al., 2008)*
Ions (Bermudez et al., 2010)
Superconducting circuits (Garcia-Ripoll et al., 2008)
NMR (Álvarez and Suter, 2010; Negrevergne et al., 2005)*

Frustrated systems Ions (Porras and Cirac, 2006b), (Kim et al., 2010)*
Photons (Ma et al., 2011)*

High-T
c

superconductivity DQS (Yamaguchi and Yamamoto, 2002)
Quantum dots (Manousakis, 2002)

BCS pairing NMR (Yang et al., 2006)*

BCS-BEC crossover Atoms (Regal et al., 2004; Zwierlein et al., 2005)*

Metamaterials Superconducting circuits (Rakhmanov et al., 2008)

Time-symmetry breaking Superconducting circuits (Koch et al., 2010)

Topological order Atoms (Aguado et al., 2008)
Polar molecules (Micheli et al., 2006)
Linear optics (Lu et al., 2009)*
Superconducting circuits (You et al., 2010)
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(Simon et al., 2011; Struck et al., 2011)*
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(Simon et al., 2011; Struck et al., 2011)*
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(Simon et al., 2011; Struck et al., 2011)*
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Ions (Jané et al., 2003; Porras and Cirac, 2004b),
(Bermudez et al., 2009; Deng et al., 2005),
(Edwards et al., 2010; Lanyon et al., 2011)*,
(Britton et al., 2012; Kim et al., 2011)*
Cavities (Chen et al., 2010; Cho et al., 2008b)
Nuclear spins on diamond surface (Cai et al., 2013)
Superconducting circuits (Tsokomos et al., 2010)
Electrons on helium (Mostame and Schützhold, 2008)
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Quantum phase transitions Atoms (Greiner et al., 2002)*
Polar molecules (Capogrosso-Sansone et al., 2010),
(Pollet et al., 2010)
Ions (Giorgi et al., 2010; Retzker et al., 2008),
(Ivanov et al., 2009), (Friedenauer et al., 2008)*,
NMR, (Peng et al., 2005; Roumpos et al., 2007),
(Zhang et al., 2008)
Superconducting circuits (van Oudenaarden and Mooij, 1996)*

Spin glasses DQS (Lidar and Biham, 1997)
Superconducting circuits (Tsomokos et al., 2008)

Disordered systems Atoms (Fallani et al., 2007; Schulte et al., 2005)*,
(Billy et al., 2008; Roati et al., 2008)*
Ions (Bermudez et al., 2010)
Superconducting circuits (Garcia-Ripoll et al., 2008)
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Quantum phase transitions Atoms (Greiner et al., 2002)*
Polar molecules (Capogrosso-Sansone et al., 2010),
(Pollet et al., 2010)
Ions (Giorgi et al., 2010; Retzker et al., 2008),
(Ivanov et al., 2009), (Friedenauer et al., 2008)*,
NMR, (Peng et al., 2005; Roumpos et al., 2007),
(Zhang et al., 2008)
Superconducting circuits (van Oudenaarden and Mooij, 1996)*

Spin glasses DQS (Lidar and Biham, 1997)
Superconducting circuits (Tsomokos et al., 2008)

Disordered systems Atoms (Fallani et al., 2007; Schulte et al., 2005)*,
(Billy et al., 2008; Roati et al., 2008)*
Ions (Bermudez et al., 2010)
Superconducting circuits (Garcia-Ripoll et al., 2008)
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So far so good?

How are we doing?



Why bother with  
CV systems?

Harmonic oscillators are ‘natural’ information carriers 
(can you make an example?)

R. Feynman, “There’s plenty of room at  
the bottom”, 29 December 1959

“There’s plenty of room at the top”
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FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, ĤI,n, and post-quench, ĤF,n,
Hamiltonians for the n-photon manifold. Quenching the lin-
ear optomechanical interaction results both in an energy shift
and a displacement of the machanical oscillator. Two possible
transitions induced by the quench—having di↵erent values of
�k = k0 � k—are shown as an example.

photon number n [19]. Denoting the quantities refer-
ring to Ĥ

F,n with a prime we find the energy eigen-
states, written in the energy eigenbasis of the initial

Hamiltonian Ĥ
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pre- and post-quench eigenstates in the subspace at fixed
number n of photons is sketched in Fig. 2. As stated by
Eq. (2), the transitions from a set of eigenstates to an-
other are responsible—at the microscopic level—for the
work performed on or by the system. The probability
distribution of the work is thus given by
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where L b
a (x) are the generalized Laguerre polynomials

coming from the evaluation of the overlap between pre-
and post-quench mechanical oscillator eigenstates [20].
A comparison with Eq. (2) enables to unambiguously dis-
criminate the contribution of the first projective measure-
ment (which consist of a sampling from the joint thermal
distribution of the cavity and the mirror) from the quan-
tum transition probability, and explicitly provides an an-
alytical expression for the latter. The probability distri-

FIG. 3. Logarithmic plot of the probability distribution of the
stochastic work variable, W (in units of ~!m) for di↵erent val-
ues of the average number of cavity photons Nc, average num-
ber of mechanical phonons Nm and coupling g. Panel (a) is
for (Nc, Nm, g) = (0.001, 0.1, 0.2!m), (b) is for (Nc, Nm, g) =
(0.1, 1, 0.1!m) while (c) for (Nc, Nm, g) = (0.1, 1, 0.8!m). In
the inset is shown the behavior against the time-like variable
u (multiplied by !m) of the real, Re(�) (solid blue, left), and
imaginary, Im(�) (dashed red, right) parts of the characteris-
tic function.

bution of the work, together with real and imaginary
parts of the characteristic function, is shown in Fig. 3,
for di↵erent values of N

c

, N
m

, and coupling strength.
By di↵erentiating the expression of characteristic func-

Infinite spectrum = more information capacity 
Somehow, a system of a dual nature
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Why bother?

So, this is like encoding in a qudit (only infinitely large)

This is different! We encode in a ‘continuous basis’. Why should we?

1. Sometimes, it is just natural 
2. Sometimes it is just convenient 
3. Why shouldn’t we?!
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I

, |n0i
c

⌦ D̂†( g n0

!m
) |k0i

m

, with eigenvalues

En0,k0 = ~!
c

n0+~!
m

(k0+ 1

2

)�~ g2

!m
n02. A pictorial view of

pre- and post-quench eigenstates in the subspace at fixed
number n of photons is sketched in Fig. 2. As stated by
Eq. (2), the transitions from a set of eigenstates to an-
other are responsible—at the microscopic level—for the
work performed on or by the system. The probability
distribution of the work is thus given by

P (W ) =
X

n,n0,k,k0

p(c)n p
(m)

k |
m

hk0|D̂[(g/!
m

)n0] |ki
m

|2

⇥ �[W � (En0,k0 � En,k)]�n,n0

=
X

n,k,k0

p(c)n p
(m)

k

k!

k0!
e�(g/!m)

2n2

[(g/!
m

)n]2(k
0�k)

⇥
n

L (k0�k)
k [(g/!

m

)2n2]
o

2

⇥ �{W � ~!
m

[k0 � k � (g/!
m

)2n2]} ,
(16)

where L b
a (x) are the generalized Laguerre polynomials

coming from the evaluation of the overlap between pre-
and post-quench mechanical oscillator eigenstates [20].
A comparison with Eq. (2) enables to unambiguously dis-
criminate the contribution of the first projective measure-
ment (which consist of a sampling from the joint thermal
distribution of the cavity and the mirror) from the quan-
tum transition probability, and explicitly provides an an-
alytical expression for the latter. The probability distri-

FIG. 3. Logarithmic plot of the probability distribution of the
stochastic work variable, W (in units of ~!m) for di↵erent val-
ues of the average number of cavity photons Nc, average num-
ber of mechanical phonons Nm and coupling g. Panel (a) is
for (Nc, Nm, g) = (0.001, 0.1, 0.2!m), (b) is for (Nc, Nm, g) =
(0.1, 1, 0.1!m) while (c) for (Nc, Nm, g) = (0.1, 1, 0.8!m). In
the inset is shown the behavior against the time-like variable
u (multiplied by !m) of the real, Re(�) (solid blue, left), and
imaginary, Im(�) (dashed red, right) parts of the characteris-
tic function.

bution of the work, together with real and imaginary
parts of the characteristic function, is shown in Fig. 3,
for di↵erent values of N

c

, N
m

, and coupling strength.
By di↵erentiating the expression of characteristic func-

Yet, very useful…

hx̂i =
p
2⇠r

hp̂i =
p
2⇠i

W⇢(⇠)



Yet, very useful…

hx̂i =
p
2⇠r

hp̂i =
p
2⇠i

W⇢(⇠)
Squeezed state



Gaussian states
W⇢(⇠)W⇢(⇠)

Gaussian states:= states with a Gaussian Wigner function

1st and 2nd moments of phase-space variables)

�ij = h{vi, vj}i � 2hviihvji

v = (x1, p1, x2, p2, . . . , xN , pN )

+W⇢(⇠)

⇠



Gaussian states

Covariance matrix�ij = h{vi, vj}i � 2hviihvji

W⇢(⇠) =
e�(⇠�h⇠i)T��1(⇠�h⇠i)

⇡N
p
det�

⇢ , W⇢(⇠), �True in general Only Gaussian
states

1
⇢
⌦

2N
�/W⇢(⇠)
�

Hilbert Phase-space
dimension
descriptor

structure
evolution Û ?
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