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Why bother with  
CV systems?

Harmonic oscillators are ‘natural’ information carriers 
(can you make an example?)

R. Feynman, “There’s plenty of room at  
the bottom”, 29 December 1959

“There’s plenty of room at the top”
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FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, ĤI,n, and post-quench, ĤF,n,
Hamiltonians for the n-photon manifold. Quenching the lin-
ear optomechanical interaction results both in an energy shift
and a displacement of the machanical oscillator. Two possible
transitions induced by the quench—having di↵erent values of
�k = k0 � k—are shown as an example.

photon number n [19]. Denoting the quantities refer-
ring to Ĥ

F,n with a prime we find the energy eigen-
states, written in the energy eigenbasis of the initial
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I

, |n0i
c

⌦ D̂†( g n0

!m
) |k0i

m

, with eigenvalues

En0,k0 = ~!
c

n0+~!
m

(k0+ 1

2

)�~ g2

!m
n02. A pictorial view of

pre- and post-quench eigenstates in the subspace at fixed
number n of photons is sketched in Fig. 2. As stated by
Eq. (2), the transitions from a set of eigenstates to an-
other are responsible—at the microscopic level—for the
work performed on or by the system. The probability
distribution of the work is thus given by
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where L b
a (x) are the generalized Laguerre polynomials

coming from the evaluation of the overlap between pre-
and post-quench mechanical oscillator eigenstates [20].
A comparison with Eq. (2) enables to unambiguously dis-
criminate the contribution of the first projective measure-
ment (which consist of a sampling from the joint thermal
distribution of the cavity and the mirror) from the quan-
tum transition probability, and explicitly provides an an-
alytical expression for the latter. The probability distri-

FIG. 3. Logarithmic plot of the probability distribution of the
stochastic work variable, W (in units of ~!m) for di↵erent val-
ues of the average number of cavity photons Nc, average num-
ber of mechanical phonons Nm and coupling g. Panel (a) is
for (Nc, Nm, g) = (0.001, 0.1, 0.2!m), (b) is for (Nc, Nm, g) =
(0.1, 1, 0.1!m) while (c) for (Nc, Nm, g) = (0.1, 1, 0.8!m). In
the inset is shown the behavior against the time-like variable
u (multiplied by !m) of the real, Re(�) (solid blue, left), and
imaginary, Im(�) (dashed red, right) parts of the characteris-
tic function.

bution of the work, together with real and imaginary
parts of the characteristic function, is shown in Fig. 3,
for di↵erent values of N

c

, N
m

, and coupling strength.
By di↵erentiating the expression of characteristic func-

Infinite spectrum = more information capacity 
Somehow, a system of a dual nature
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Why bother?

So, this is like encoding in a qudit (only infinitely large)

This is different! We encode in a ‘continuous basis’. Why should we?

1. Sometimes, it is just natural 
2. Sometimes it is just convenient 
3. Why shouldn’t we?!



Phase space

Classical

position & momentum

Fully deterministic motion: no uncertainty



Phase space

quadrature operators

Quantum

Determinism is lost: strictly speaking, no phase space!

[x̂, p̂] = i

(�x)(�p) � 1/2



Yet, very useful…
1-to-1 correspondence between states and  

phase-space description
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Yet, very useful…
1-to-1 correspondence between states and  

phase-space description

⇢ =
1

⇡N

Z
· · ·

Z
�(↵1, . . . ,↵N )

⇣
⌦N

j=1D̂
†
j(↵j)

⌘
d2↵1 · · · d2↵N

Tr[D̂(↵)D̂(�)] = ⇡�2(↵� �)

�(↵1, . . . ,↵N ) = Tr[⇢(⌦N
j=1D̂j(↵j)]

Weyl characteristic function

W⇢(⇠1 · · ·⇠N ) = F⌦N
⇠1···⇠N [�(↵1, · · ·,↵N )]

Wigner function



Yet, very useful…

W⇢(⇠)hx̂i =
p
2⇠r

hp̂i =
p
2⇠i



5

FIG. 2. Schematic diagram (not to scale) of the energy-level
structure of the pre-quench, ĤI,n, and post-quench, ĤF,n,
Hamiltonians for the n-photon manifold. Quenching the lin-
ear optomechanical interaction results both in an energy shift
and a displacement of the machanical oscillator. Two possible
transitions induced by the quench—having di↵erent values of
�k = k0 � k—are shown as an example.
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I

, |n0i
c

⌦ D̂†( g n0

!m
) |k0i

m

, with eigenvalues

En0,k0 = ~!
c

n0+~!
m

(k0+ 1

2

)�~ g2

!m
n02. A pictorial view of

pre- and post-quench eigenstates in the subspace at fixed
number n of photons is sketched in Fig. 2. As stated by
Eq. (2), the transitions from a set of eigenstates to an-
other are responsible—at the microscopic level—for the
work performed on or by the system. The probability
distribution of the work is thus given by

P (W ) =
X

n,n0,k,k0

p(c)n p
(m)

k |
m

hk0|D̂[(g/!
m

)n0] |ki
m

|2

⇥ �[W � (En0,k0 � En,k)]�n,n0

=
X

n,k,k0

p(c)n p
(m)

k

k!

k0!
e�(g/!m)

2n2

[(g/!
m

)n]2(k
0�k)

⇥
n

L (k0�k)
k [(g/!

m

)2n2]
o

2

⇥ �{W � ~!
m

[k0 � k � (g/!
m

)2n2]} ,
(16)

where L b
a (x) are the generalized Laguerre polynomials

coming from the evaluation of the overlap between pre-
and post-quench mechanical oscillator eigenstates [20].
A comparison with Eq. (2) enables to unambiguously dis-
criminate the contribution of the first projective measure-
ment (which consist of a sampling from the joint thermal
distribution of the cavity and the mirror) from the quan-
tum transition probability, and explicitly provides an an-
alytical expression for the latter. The probability distri-

FIG. 3. Logarithmic plot of the probability distribution of the
stochastic work variable, W (in units of ~!m) for di↵erent val-
ues of the average number of cavity photons Nc, average num-
ber of mechanical phonons Nm and coupling g. Panel (a) is
for (Nc, Nm, g) = (0.001, 0.1, 0.2!m), (b) is for (Nc, Nm, g) =
(0.1, 1, 0.1!m) while (c) for (Nc, Nm, g) = (0.1, 1, 0.8!m). In
the inset is shown the behavior against the time-like variable
u (multiplied by !m) of the real, Re(�) (solid blue, left), and
imaginary, Im(�) (dashed red, right) parts of the characteris-
tic function.

bution of the work, together with real and imaginary
parts of the characteristic function, is shown in Fig. 3,
for di↵erent values of N

c

, N
m

, and coupling strength.
By di↵erentiating the expression of characteristic func-

Yet, very useful…

hx̂i =
p
2⇠r

hp̂i =
p
2⇠i

W⇢(⇠)



Yet, very useful…

hx̂i =
p
2⇠r

hp̂i =
p
2⇠i

W⇢(⇠)
Squeezed state



Gaussian states
W⇢(⇠)W⇢(⇠)

Gaussian states:= states with a Gaussian Wigner function

1st and 2nd moments of phase-space variables)

�ij = h{vi, vj}i � 2hviihvji

v = (x1, p1, x2, p2, . . . , xN , pN )

+W⇢(⇠)

⇠



Gaussian states

Covariance matrix�ij = h{vi, vj}i � 2hviihvji
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⇢ , W⇢(⇠), �True in general Only Gaussian
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Hilbert Phase-space
dimension
descriptor

structure
evolution Û ?



Gaussian states

Hilbert Phase-space
dimension
descriptor

structure

1
⇢
⌦

2N
�/W⇢(⇠)
�

evolution Û ?

⇢Û Û †, S�ST

Symplectic transformation

Symplectic
matrix
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S



Gaussian states
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⇢AB is separable , ⇢PTAB

Peres-Horodecki separability condition

⇢AB separable , �PT + i⌃ � 0
+

symplectic
eigenvalues

minEig|i⌃�PT| � 1

Gaussian states

�PT = P�P

P =
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0 0 0 �1

1
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2⌦ 2

2⌦ 3
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1⌦1 (Gaussian)



Gaussian operations
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Minimum uncertainty states
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Gaussian operations

Rotation operator

Does not change the 1st moments

R̂(✓) = ei✓â
†â

: , , ,
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: , , ,

, , >

: , , ,

, , >

It does affect the 2nd moments!!

ˆR(✓) �! S(✓) =

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆ Free evolution 
realises rotations

In optics: phase plates



Gaussian operations

Squeezing!!

It affects the variances anisotropically
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To do it, we need to put energy
 in the system

Ŝ(r) �! S(r) =

✓
e�r 0
0 er

◆ We need a nonlinear
process to produce

squeezing

Squeezing is a core resource for information processing with CVs 
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◆
Beam splitting 
is a two-mode  

rotation



Two-mode squeezer

Gaussian operations

Ŝ2(r) = er(â
†b̂†�âb̂)

+
Ĥ2(r) = ir̃(â†b̂† � âb̂)

Joint creation/destruction of excitations

ˆS2(t) �! S2(r) =
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sinh r 0 cosh r 0

0 � sinh r 0 cosh r

1

CCA

⌘
Ŝ
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Bloch-Messiah  
reduction

multiport

multiport

Bloch-Messiah
reduction

U multiport

Ŝ Ŝ Ŝ· · ·

· · ·

Statement: Any linear unitary N -mode Bogoliubov transformation T can

be deterministically simulated by a multiport interferometer U , a set of squeezers
S⌦N

and another passive interferometer V

multiportV



CV Quantum  
simulation

Two-mode settings only (larger settings are trivial)

Which CV evolutions can be simulated  through a set  
interaction Hamiltonian and instantaneous local unitaries?

Ĥ = ax̂1x̂2 + bp̂1p̂2 + cp̂1x̂2 + dx̂1p̂2

General interaction Hamiltonian

Ĥ
loc,j

= g(x̂2
j

+ p̂2
j

)

Assumed local unitary



· · ·

· · ·
Utn

CV Quantum  
simulation

Ĥ = ax̂1x̂2 + bp̂1p̂2 + cp̂1x̂2 + dx̂1p̂2
Ĥ

loc,j

= g(x̂2
j

+ p̂2
j

)

time

Û(t)
V0

W0 Wn

Vn

W1

V1

Ut1 Ut2

· · · · · · · · ·

Û(t) = [Vn ⌦Wn]⇧
n�1
k=0

⇣
Û(tk+1)[Vk ⌦Wk]

⌘



CV Hamiltonian  
simulation

Question 1: Which Û(t) is achievable?

Question 2: Given ⇢(0)which are the best {tk}and local gates?

nX

k=1

tk = �t finite tk

infinitesimal regime 
or 

Hamiltonian simulation 

finite regime 
or 

gate synthesis/simulation



Notation & formalism

is a general pure entangled Gaussian state⇢(0)

�(0) = (S1 � S2)

0

BB@

cosh r 0 sinh r 0

0 cosh r 0 � sinh r
sinh r 0 cosh r 0

0 � sinh r 0 cosh r

1

CCA (ST
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Ĥ = ax̂1x̂2 + bp̂1p̂2 + cp̂1x̂2 + dx̂1p̂2
+

Ĥ =
�
x̂1 p̂1

�✓a b
c d

◆✓
x̂2

p̂2

◆

K

�1 � �2 � 0 are the singular values of K



Hamiltonian simulation

e�iĤ0t0 = [Vn ⌦Wn]e
�iĤtn · · · e�iĤt2 [V1 ⌦W1]e

�iĤt1 [V0 ⌦W0]

H 0 HGiven and , is it possible to have 

with t0and  {tk} that are sufficiently small?  

Def: H can simulate H 0 e�ciently if it is possible to choose

P
k tk = t0

Def: H can simulate H 0 e�ciently if it is possible to choose

P
k tk = t0

Res 1: H simulates H 0 e�ciently ,
s1 + s2 � s01 + s02

&

s1 � s2 � s01 � s02

(restricted  
singular values)

with s1 = �1 and s2 = sign[detK]�2

s1 � |s2|



Hamiltonian simulation

Res 1: H simulates H 0 e�ciently ,
s1 + s2 � s01 + s02

&

s1 � s2 � s01 � s02

Unless s1 = ±s2, every H can simulate any other H 0
of the same form,

including for s01 = ±s02.
Unless s1 = ±s2, every H can simulate any other H 0

of the same form,

including for s01 = ±s02.form,

H ! s1x̂1x̂2 + s2p̂1p̂2

s1 = s2

H / â†1â
†
2 + h.c.

s1 = �s2

H / â†1â2 + h.c.

squeezing beam splitting



Hamiltonian simulation

s01

s02

s2

s1

H

Q

O

P

p1

p2

c2

c1

region of accessible 
Hamiltonians

Res 1: H simulates H 0 e�ciently ,
s1 + s2 � s01 + s02

&

s1 � s2 � s01 � s02



An example

Ĥ = x̂1x̂2 �! s1 = 1, s2 = 0

Res 1: H simulates H 0 e�ciently ,
s1 + s2 � s01 + s02

&

s1 � s2 � s01 � s02

We can simulate efficiently any interaction satisfying such condition

Can we efficiently  
simulate a Beam-Splitter?

Can we efficiently  
simulate a two-mode squeezer?

s01 + |s02|  1�!

s1 = �s2

H / â†1â2 + h.c.

= �10 0

s1 = s2

H / â†1â
†
2 + h.c.

= 10 0

No

No



Gate synthesis

Res 2: Any interaction described by some Hamiltonian with s1 6= |s2|,
together with local rotations is su�cient to synthesise any gate eiĜ with G
quadratic in the mode operators

+
We can synthesise any Gaussian unitary transformation between two modes

+
Any desired pure Gaussian state can be synthesised starting from any pure

Gaussian input state

Any desired pure Gaussian state can be synthesised starting from any pure

Gaussian input state

7

As we show in the following, any interaction described
by some Hamiltonian H where s1 ̸= |s2| together with lo-
cal rotations is sufficient to realize any unitary operation
of the form exp(iG), where G is a quadratic expression
in the operators Xk, Pk. That is, any Gaussian unitary
transformation of the two modes can be obtained. This
implies, that any desired pure Gaussian state can be “en-
gineered” starting from any given (pure Gaussian) input
state.

As we show in Appendix B, any U = exp(−iG) can be
decomposed as

U = (V5 ⊗ W5)Ubs(t5) (V4 ⊗ W4) ×
×Utms(t4) (V3 ⊗ W3)Ubs(t3) (V2 ⊗ W2) Utms(t2) ×
× (V1 ⊗ W1)Ubs(t1) (V0 ⊗ W0) ,

(29)
where all (Vi ⊗ Wi) are local rotations, Ubs(ti) is a beam-
splitter and Utms(ti) a two-mode squeezing operation as
defined in Eqs. (27) and (28). Since all Hamiltonians
with s1 ̸= |s2| can be used to simulate beam-splitters and
two-mode squeezers one can reach any desired unitary U
and therefore also any desired Gaussian state.

IV. ENTANGLEMENT AND SQUEEZING

In the previous section we characterized the time-
evolutions on the joint system which can be realized using
a given interaction Hamiltonian of the form (1) and the
control operations provided by Eq. (2). In this section
we determine the optimal way to use these tools for the
generation of entanglement and squeezing between the
two subsystems in both, the infinitesimal and the finite
regime.

Our derivations make extensive use of the formalism of
Gaussian states and operations. The necessary concepts
and notation are introduced in section IVA and then
put to work in the cases of infinitesimal (IVB) and finite
(IVC) times.

A. State Transformations and Measures of
Entanglement and Squeezing

We show here how Gaussian states evolve under a gen-
eral quadratic Hamiltonian and then introduce some en-
tanglement and squeezing measures for Gaussian states.

1. State Transformation

A quadratic interaction Hamiltonian (1) characterized
by a matrix K as in Eq. (8) generates a linear time-
evolution of the X and P operators. Solving the Heisen-

berg equations for R⃗ = (X1, P1, X2, P2)T we find

R⃗(t) = eMtR⃗(0) = S(t)R⃗(0), (30)

where

M =

(
0 L
L̃ 0

)
, (31)

with

L =

(
c b
−a −d

)
= JT K, and L̃ = −JLT JT = JT KT ,

(32)
where

J =

(
0 −1
1 0

)
. (33)

Note that for 0 ̸= − det(L) =: α we have L̃ = αL−1.
Using the fact that M2 = α we can easily re-express
Eq. (30) and find

S(t) = cosh(
√

αt) + sinh(
√

αt)/
√

αM. (34)

Thus, every evolution generated by a Hamiltonian (1)
is uniquely characterized by a symplectic transformation
S(t) of the form (34). Note that any such transformation
can be written in its standard form

S(t) = cosh(
√

αt)(O1⊕O2)

⎛

⎜⎝

1 0 h1 0
0 1 0 −h2

h2 0 1 0
0 −h1 0 1

⎞

⎟⎠ (O1⊕O2)
T ,

(35)
where O1, O2 ∈ SO(2, ) perform the restricted singular
value decomposition of L, and hk = tanh(

√
αt)/

√
αsk,

where sk are the restricted singular values of L, which
clearly coincide with those of K. In particular the Hamil-
tonian H0 = X1X2 of Eq. (3) generates an time-evolution
described by the symplectic matrix

S0(t) =

⎛

⎜⎝

1 0 0 0
0 1 −t 0
0 0 1 0
−t 0 0 1

⎞

⎟⎠ , (36)

i.e. α = 0, (s1, s2) = (1, 0), and O1 = J [see (33)] and
O2 = − .

In the Schrödinger picture a linear time-evolution as
in (30) transforms the CM γ as

γ(t) = S(t)γS(t)T . (37)

In the next subsection we address the case of very short
interaction time, i.e., we consider S(δt) for an infinitesi-
mally short time step δt. In this case we obtain

S(δt) = + δtM, (38)

and the correlation matrix γ(t) transforms to first order
as

γ(t + δt) = γ(t) + δt[Mγ(t) + γ(t)MT ]. (39)



The best we can do?

Can we achieve the same results BUT minimise the  
number of applications of Ĥ ?

Let’s change approach: can we intersperse local free  
evolution and dynamics driven by Ĥ?

2

As showed by Kraus et al., the Hamiltonian (3) can
simulate any Hamiltonian (1). In particular, HAL can
be used to implement a beam splitter and a two-mode
squeezer. This is very appealing since it suggests that,
for instance, the storage of the quantum state of light into
atoms and the subsequent readout of the quantum mem-
ory – the transfer of quantum state of atoms onto light –
can be implemented in a unitary way if the Hamiltonian
(3) is used to simulate a beam splitter.

However, currently there are technical difficulties that
will complicate the actual practical realization of this
procedure. The effective unitary transformation (2) de-
scribes the modification of the polarization state of the
light pulse after the passage through the atomic sample
due to its coupling with atoms. This means that the
Hamiltonian simulation requires several passages of the
light pulse through the atomic sample (c.f. the detailed
description of the simulation protocol in Sec. II). In cur-
rently envisaged experiments, the pulse width must be
at least 1 µs [21] which corresponds to the length 300
m. This long pulse would have to be stored somewhere
(e.g. in an optical fiber) until its tail leaves the atomic
sample. Only then can the pulse (with properly applied
phase shifts) be fed to the atomic sample again.

These practical considerations imply that the approach
relying on the infinitesimal time simulation is not very
convenient from the experimental point of view. It is
possible to simulate a gate by concatenating a large se-
quence of short-time Hamiltonian simulations but this
would require a large number of manipulations and pas-
sages of the light pulse through the sample. Since, in
practice, every round of the gate synthesis procedure is
necessarily accompanied by some losses and other errors,
the accumulation of the errors would negatively influence
the simulation.

In this paper, we show how to implement several im-
portant two-mode interactions with the Hamiltonian (1)
such that the number of the applications of the Hamilto-
nian (1) is minimized. We demonstrate that only three
sequences of evolution governed by Hamiltonian H , inter-
spaced by (fast) local phase shifts on both subsystems,
suffice to implement a two-mode squeezer and a beam
splitter. For the specific Hamiltonian (3) we also design
a single-mode squeezing gate that involves four evolu-
tion steps. These results illustrate that several important
quantum information processing tasks such as entangling
the light and collective atomic spin, or a transfer of the
quantum state of light into atomic clouds and vice versa,
can be carried out with a small number of repeated pas-
sages of the light pulse through the atomic sample.

This paper is structured as follows. In Sec. II we in-
troduce the notation, the canonical form of the interac-
tion Hamiltonian (1) and we describe the gate simulation
protocol. In Sec. III, we consider the simple interaction
Hamiltonian (3) and we show how to implement the two-
mode squeezing operation, beam splitter transformation
and also single-mode squeezing as a sequence of three (or
four) intervals of evolution governed by Hamiltonian (3)

combined with local phase shift operations. In Sec. IV
we extend this analysis to the generic interaction Hamil-
tonians (1). Finally, Sec. V contains conclusions.

II. DESCRIPTION OF THE SIMULATION
PROTOCOL

In this section we describe the simulation protocol.
The gate synthesis consists of a sequence of N intervals
of evolution governed by the Hamiltonian H followed by
local unitary phase shift transformations. The resulting
unitary gate G is given by

G = V †
Ne−iHtN VN . . . V †

2 e−iHt2V2V
†
1 e−iHt1V1. (4)

The local phase shift operation applied to modes A and
B reads

Vj = e−iφjAa†a ⊗ e−iφjBb†b, (5)

where a and b are the annihilation operators of modes A
and B, respectively. Note that V †

j+1Vj is still of the form
(5), with φA = φjA − φj+1,A and φB = φjB − φj+1,B .
With the help of the useful identity

U † exp(−iHt)U = exp(−iU †HUt) (6)

we can rewrite Eq. (4) as

G = e−iHN tN . . . e−iH2t2e−iH1t1 , (7)

where Hj = V †
j HVj .

The Hamiltonian (1) is characterized by four parame-
ters. However, by means of local rotations, we can always
transform this Hamiltonian to a diagonal form

Hc = c1xApB + c2pAxB , (8)

where c1 = σ1 and c2 = σ2det[C]/| det[C]|, and σ1 and σ2

are the singular values of the matrix C defined as (C)ij =
cij [13]. In close analogy to the qubit case [2], we may
refer to Hc as the canonical form of H . Mathematically,
we have

exp(−iHct) = Ṽ † exp(−iHt)Ṽ , (9)

where Ṽ is a local rotation (5). This shows that, without
loss of generality, we may assume that H has the canon-
ical form (8). In particular, it follows that H is able to
simulate an arbitrary H ′ (1) if and only if Hc is able to
simulate an arbitrary canonical Hamiltonian (8).

In Eq. (5) the phase shifts φj may be arbitrary. In
what follows, we focus on the phase shifts that preserve
the canonical form of H . There are four inequivalent
possibilities:
(a) φA = 0, φB = 0,

H1 = c1xApB + c2pAxB. (10)
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Û(t)

2

As showed by Kraus et al., the Hamiltonian (3) can
simulate any Hamiltonian (1). In particular, HAL can
be used to implement a beam splitter and a two-mode
squeezer. This is very appealing since it suggests that,
for instance, the storage of the quantum state of light into
atoms and the subsequent readout of the quantum mem-
ory – the transfer of quantum state of atoms onto light –
can be implemented in a unitary way if the Hamiltonian
(3) is used to simulate a beam splitter.

However, currently there are technical difficulties that
will complicate the actual practical realization of this
procedure. The effective unitary transformation (2) de-
scribes the modification of the polarization state of the
light pulse after the passage through the atomic sample
due to its coupling with atoms. This means that the
Hamiltonian simulation requires several passages of the
light pulse through the atomic sample (c.f. the detailed
description of the simulation protocol in Sec. II). In cur-
rently envisaged experiments, the pulse width must be
at least 1 µs [21] which corresponds to the length 300
m. This long pulse would have to be stored somewhere
(e.g. in an optical fiber) until its tail leaves the atomic
sample. Only then can the pulse (with properly applied
phase shifts) be fed to the atomic sample again.

These practical considerations imply that the approach
relying on the infinitesimal time simulation is not very
convenient from the experimental point of view. It is
possible to simulate a gate by concatenating a large se-
quence of short-time Hamiltonian simulations but this
would require a large number of manipulations and pas-
sages of the light pulse through the sample. Since, in
practice, every round of the gate synthesis procedure is
necessarily accompanied by some losses and other errors,
the accumulation of the errors would negatively influence
the simulation.

In this paper, we show how to implement several im-
portant two-mode interactions with the Hamiltonian (1)
such that the number of the applications of the Hamilto-
nian (1) is minimized. We demonstrate that only three
sequences of evolution governed by Hamiltonian H , inter-
spaced by (fast) local phase shifts on both subsystems,
suffice to implement a two-mode squeezer and a beam
splitter. For the specific Hamiltonian (3) we also design
a single-mode squeezing gate that involves four evolu-
tion steps. These results illustrate that several important
quantum information processing tasks such as entangling
the light and collective atomic spin, or a transfer of the
quantum state of light into atomic clouds and vice versa,
can be carried out with a small number of repeated pas-
sages of the light pulse through the atomic sample.

This paper is structured as follows. In Sec. II we in-
troduce the notation, the canonical form of the interac-
tion Hamiltonian (1) and we describe the gate simulation
protocol. In Sec. III, we consider the simple interaction
Hamiltonian (3) and we show how to implement the two-
mode squeezing operation, beam splitter transformation
and also single-mode squeezing as a sequence of three (or
four) intervals of evolution governed by Hamiltonian (3)

combined with local phase shift operations. In Sec. IV
we extend this analysis to the generic interaction Hamil-
tonians (1). Finally, Sec. V contains conclusions.

II. DESCRIPTION OF THE SIMULATION
PROTOCOL

In this section we describe the simulation protocol.
The gate synthesis consists of a sequence of N intervals
of evolution governed by the Hamiltonian H followed by
local unitary phase shift transformations. The resulting
unitary gate G is given by

G = V †
Ne−iHtN VN . . . V †

2 e−iHt2V2V
†
1 e−iHt1V1. (4)

The local phase shift operation applied to modes A and
B reads

Vj = e−iφjAa†a ⊗ e−iφjBb†b, (5)

where a and b are the annihilation operators of modes A
and B, respectively. Note that V †

j+1Vj is still of the form
(5), with φA = φjA − φj+1,A and φB = φjB − φj+1,B .
With the help of the useful identity

U † exp(−iHt)U = exp(−iU †HUt) (6)

we can rewrite Eq. (4) as

G = e−iHN tN . . . e−iH2t2e−iH1t1 , (7)

where Hj = V †
j HVj .

The Hamiltonian (1) is characterized by four parame-
ters. However, by means of local rotations, we can always
transform this Hamiltonian to a diagonal form

Hc = c1xApB + c2pAxB , (8)

where c1 = σ1 and c2 = σ2det[C]/| det[C]|, and σ1 and σ2

are the singular values of the matrix C defined as (C)ij =
cij [13]. In close analogy to the qubit case [2], we may
refer to Hc as the canonical form of H . Mathematically,
we have
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(b) φA = π/2, φB = 3π/2,

H2 = c2xApB + c1pAxB. (11)

(c) φA = π, φB = 0,

H3 = −c1xApB − c2pAxB . (12)

(d) φA = π/2, φB = π/2,

H4 = −c2xApB − c1pAxB . (13)

From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
composition of a group element into a product of N
other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
canonical transformations of the quadratures of the two
modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
optical elements has been studied recently. Braunstein
has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read

H1 = xApB, H2 = pAxB. (15)

All the canonical Hamiltonians (8) have the important
property that the x and p quadratures are not mutually
coupled when we write down the Heisenberg equations of
motion for xj and pj. This means that the evolution of
the operators x = (xA, xB)T and p = (pA, pB)T is gov-
erned by the following linear canonical transformations:

xout = Sxin, pout = Rpin. (16)

This decoupling of x and p quadratures greatly simplifies
the analysis. The transformation (16) must preserve the
canonical commutation relations [xj , pk] = iδjk. From
these conditions we can express the matrix R in terms of
S,

R = (S−1)T , (17)

hence the evolution of p quadratures is uniquely deter-
mined by the evolution of the x quadratures.

Our task is to implement two-mode unitary gates
(symplectic transformations) as a sequence of a small
number of unitary transformations generated by the
Hamiltonians (15). The matrices S1 and S2 associ-
ated with the unitary evolutions U1 = exp(−iH1t) and
U2 = exp(−iH2t) read

S1(t) =

!

1 0
t 1

"

, S2(t) =

!

1 t
0 1

"

. (18)

The factorization (14) can be rewritten in terms of the
matrices Sj as follows,

S = S2(tN )S1(tN−1) . . .S2(t2)S1(t1), (19)

where S is the matrix associated with the gate G. Since
detS1 = det S2 = 1, we are restricted to a three paramet-
ric subgroup of transformations S such that detS = 1.
In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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In what follows, we will discuss the implementation of
three important gates: a beam splitter, a two-mode
squeezer and a single-mode squeezer.

A. Beam splitter

The beam splitter operation is described by the matrix

SBS(φ) =

!

cosφ sin φ
− sinφ cosφ

"

. (20)

We show that this transformation can be implemented
as a sequence of three evolutions (18),

SBS(φ) = S1(γ)S2(β)S1(α). (21)
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From the structure of these Hamiltonians we can deduce
that two different noncommuting canonical Hamiltonians
H1 and H2 are available. Furthermore, we can see that
H3 = −H1 and H4 = −H2, hence we can implement any
transformations of the form exp(−iH1t) and exp(−iH2t)
where t is an arbitrary real number, positive or negative.
The two specific cases c1 = c2 and c1 = −c2 when H1 =
±H2 and the simulation is not possible correspond to
the Hamiltonians of a two-mode squeezer and a beam
splitter, respectively.

III. XP COUPLING

Having established the notation and described the sim-
ulation protocol, we may proceed to the unitary gate
synthesis. Namely, we would like to decompose the uni-
tary transformation G that we want to simulate into a
sequence of unitary evolutions governed by Hamiltonians
H1and H2 that were defined in the previous section,

G = e−iH2tN e−iH1tN−1 . . . e−iH2t2e−iH1t1 . (14)

We are particularly interested in the simulations that in-
volve the lowest possible number of steps N , because such
simulations require low number of local manipulations in
the eventual experimental implementation.

We note here that Eq. (14) is an example of a de-
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other group elements. In the present case, the under-
lying group is the symplectic group Sp(4, R) of all linear
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modes A and B [22, 23]. It is worth mentioning here that
the related problem of a decomposition of the symplec-
tic transformation into a sequence of simple evolutions
associated with the common passive and active linear
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has shown that any N mode symplectic transformation
can be implemented as a sequence of an N -mode passive
linear interferometer followed by N single-mode squeez-
ers and another passive interferometer — the so-called
Bloch-Messiah decomposition [24]. The decompositions
of this kind have also been applied to investigate the
properties of nonlinear optical couplers [25, 26].

In this section, we shall consider the simplest and also
the experimentally relevant coupling between the two
systems described by the interaction Hamiltonian (3).

Without loss of generality, we may assume that the cou-
pling constant is equal to unity, hence the two relevant
Hamiltonians read
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In what follows, we will discuss the implementation of
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squeezer and a single-mode squeezer.
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The beam splitter operation is described by the matrix

SBS(φ) =
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We show that this transformation can be implemented
as a sequence of three evolutions (18),
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With this at hand:

Beam-Splitter:  synthesised with 3 applications 

Two-mode squeezer:  synthesised with 3 applications 

Single-mode squeezer:  synthesised with 4 applications 

Cheap!!!!
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Figure 1: a) Schematic of the multi-pass protocol. The light
is sent through the atomic sample along the z- and then along
the y-direction. After the second passage, we may reflect the
light back onto the sample to improve the performance by
two further passages of the light beam. b) Schematic of an
implementation if the atomic system consists of two atomic
samples with oppositely oriented mean spin in a homogeneous
magnetic field as in [8].

maps the light properties on the atoms and the atomic
properties on the outgoing light pulse. For κ = 1, mean
values are faithfully stored whereas uncanceled contribu-
tions from xin

A or xin
L will limit the fidelity of storage or

retrieval of e.g. a coherent state to 88% [6]. As discussed
in the introduction this deficiency can be remedied by
initially squeezing these variables (e.g. xA → xA/

√
ϵ,

pA → pA

√
ϵ), in which case the fidelity may be increased

towards 100%. This however, represents an unachiev-
able limit due to the insurmountable difficulty in creating
arbitrarily squeezed states. Furthermore, as mentioned
above, the requirement of hundreds of kilometer long op-
tical pulses cannot be avoided for the experimental real-
ization of Ref. [8].

To circumvent this, we propose simultaneous passage
of the light pulses through the atomic medium in two
perpendicular directions. We treat this case by split-
ting the incoming light pulse into segments of duration
τ as discussed in [10, 13]. The interaction can then be
treated sequentially using the coarse grained Hamiltonian
Hτ,i = κτpApL,i and H ′

τ,i = κτxAxL,i. The crossing of
beams in the atomic sample gives rise to standing wave
interference patterns. Since these will either be station-
ary or move with a speed of c/

√
2 in the 45 degree direc-

tions with respect to the beams, atoms with a thermal
velocity distribution will effectively average over these in-
terferences and only experience the traveling wave com-
ponents. By taking the τ → 0 limit, differential equa-
tions are obtained, which can be solved under the physi-
cally reasonable assumption that the atomic state evolves
slowly compared to the time it takes for light to travel
between the two passages [14]:

xA(t) = xA(0) +

! t

0

dt′κ̃P in
L (t′)

pA(t) = pA(0)e−
"

t

0
duκ̃2

−
! t

0

dt′κ̃e−
"

t

t′
duκ̃2

X in
L (t′)

Xout
L (t) = X in

L (t) + κ̃(t)pA(t)

P out
L (t) = P in

L (t) − κ̃(t)xA(t),
(1)

where for future use we have defined a time dependent
interaction rate κ̃(t) which is characterized by κ2

tot =" ∞

0
κ̃2(t)dt (time dependence of κ̃ is implicit in the inte-

grals). XL(t) and PL(t) are the position and momentum
operators for the light segment arriving at time t with
commutation relation [XL(t), PL(t′)] = iδ(t − t′). As
can be seen the solution turns out to be very similar to
the simple QND case reviewed earlier. In particular we
recognize an asymmetry in which only the initial quan-
tum fluctuations of one of the atomic quadratures are
damped, which is exactly the reason why squeezing of
the initial states is required.

The result in itself is noteworthy, because it gives the
first indication that retrieval of stored states is experi-
mentally feasible for the system of Ref. [8]. Indeed we
have devised a protocol, which uses this two pass retrieval
in combination with the single pass storage demonstrated
in [8] to achieve an ideal quantum memory if infinitely
squeezed states are available [14]. Our main purpose here
is to show that one may devise a protocol which does not
require squeezing, and we shall not go into more detail
with this direct mapping[8]/two-pass retrieval (”1+2”)
protocol here, except for a comparison of its performance
with the main novel protocol of this paper in which the
light is reflected back through two further passages of
the atomic medium, see Fig. 1. In the resulting four pass
protocol the light will experience an interaction sequence
pp, xx, xx, and pp, which effectively restores the sym-
metry between the atomic quadratures. As in the two
pass case a differential equation for the time evolution
of the atomic and light variables can be formulated and
solved to obtain [14]:

xA(t) = xA(0)e−2
"

t

0
duκ̃2

+ 2

! t

0

dt′κ̃e−2
"

t

t′
duκ̃2

P in
L (t′)

pA(t) = pA(0)e−2
"

t

0
duκ̃2

− 2

! t

0

dt′κ̃e−2
"

t

t′
duκ̃2

X in
L (t′)

Xout
L (t) = X in

L (t) + 2κ̃(t)pA(t)

P out
L (t) = P in

L (t) − 2κ̃(t)xA(t).
(2)

By introducing the annihilation operators â = (x +
ip)/

√
2 and Â = (X + iP )/

√
2 the entire interaction can

be written as a beam splitter relation:

âA(t) = âA(0)e−2
"

t

0
duκ̃2

− 2i

! t

0

dt′κ̃e−2
"

t

t′
duκ̃2

Â(t′).

(3)
To quantify the quantum memory performance, we cal-

culate the combined storage and retrieval fidelity F =
⟨Ψideal|ρ|Ψideal⟩, where Ψideal is the ideal state and ρ
is the retrieved density matrix. We consider the stor-
age and retrieval of an unknown qubit stored in the zero
and one photon subspace of the light field, and calculate
the fidelity averaged over all orientations on the Bloch
sphere. For the ”4+4” protocol, this can be calculated
directly from Eq. (3), by noting that imperfect opera-
tion results in admixture of vacuum noise into the mode

U(t) = exp(�ipApBt)

U(t) = exp(�ixAxBt)
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accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.

The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
for highly efficient quantum state engineering. In Sec-
tion III, we propose the architecture for a distributed
quantum register of many individually trapped ions in-
terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
!

i=x,y

ωib̂
†
i b̂i + ωegσ̂+σ̂− +

2
!

i=1

"

ĝiσ̂+ + ĝ†i σ̂−
#

. (1)

Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations

(a) (b)

y

x

EL1

EL2

ion 1

e

E1 2E

ωx

∆1

ωy

g

FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as

H ≃
!

j=x,y

ωj b̂
†
j b̂j −

g1g2

∆1

∞
!

n,m=0

∞
!

p,q=0

(iη′x)n+m

n!m!

×
(iη′y)p+q

p!q!
b̂†nx b̂m

x b̂†py b̂q
ye−iδ12t−iφ + h.c.

(2)

where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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terconnected by a cavity field mode. This proposal al-
lows for vibrational quantum state transfer between two
remote ions. We quantitatively address a non-trivial ex-
ample. Section IV is devoted to the description of a
scheme for almost complete Bell-state measurements per-
formed combining vibrational-mode manipulations and
electronic-state detection. The ability to achieve a high-
efficiency discrimination of the four coherent Bell states
is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
computation.

II. HAMILTONIAN FOR QUANTUM STATE
ENGINEERING

The system we consider is a two-level ion coupled to
a bichromatic field, detuned from the atomic transition.
The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
the system reads (! = 1 is taken throughout this paper)

H =
!

i=x,y

ωib̂
†
i b̂i + ωegσ̂+σ̂− +

2
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"

ĝiσ̂+ + ĝ†i σ̂−
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
φi. Here, r̂ is the vectorial operator of the CM position
and σ̂+ = σ̂†

− = |e⟩⟨g|. The ion’s transition frequency is
labelled by ωeg. In a rotating frame and in the limit of
large detuning ∆1 ≫ g1,2, δ12, γrad, where ∆1 = ωeg−ω1,
δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
abatically eliminated. After some lengthy calculations
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
sidebands, the different excitations of the x and y vibrational
degrees of freedom are spaced as shown. The lasers are off-
resonance.

and using the Campbell-Baker-Haussdorff theorem, the
Hamiltonian can be written as
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where φ = φ1 − φ2 and a numerical factor arising from
the normal ordering has been absorbed in the Rabi fre-
quencies g1,2. Here, η′x = ∆xcm∆kx and η′y = ∆ycm∆ky

are the effective Lamb-Dicke parameters for the x (y)
motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-
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accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
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minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
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∆xcm (∆ycm) the ground-state width, in the trapping
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
couplings between the ion and the i-th laser (i = 1, 2) of
its frequency ωi, wave-vector ki ≡ (kix, kiy , 0) and phase
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− = |e⟩⟨g|. The ion’s transition frequency is
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δ12 = ω2 − ω1 and γrad the spontaneous decay-rate of
the ion from |e⟩, the atomic excited state can be adi-
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FIG. 1: (a): The physical set-up. A two-level ion is trapped
in a bidimensional trap (ωy < ωx). Two monochromatic laser
field (classical) excite the ion. (b): The energy level scheme.
The trap is quasi-harmonic so that, in the limit of resolved
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degrees of freedom are spaced as shown. The lasers are off-
resonance.
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intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.

A remarkable range of evolutions is covered by this
coupling scheme and some of them are particularly rele-

2

accomplished, in our set-up, both locally (exploiting two
orthogonal vibrational modes of a single trapped ion) and
remotely, where the Bell state is the joint state of two vi-
brational modes of a linear two-ion crystal.

The paper is organized as follows. In Section II we
describe the coupling scheme used in our proposal and
address the issue of the preparation and single-qubit ma-
nipulation of coherent states. In this context, the gen-
eration of even/odd coherent states and entangled co-
herent state is discussed. We perform some quantitative
investigations to prove that this coupling scheme allows
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is exploited. In Section V, we describe how to realize an
entangling two-qubit gate that, together with the single-
qubit rotations, allow for universal coherent quantum
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The trap tightly confines the ion in the x − y plane (as
sketched in Fig. 1 (a)). The energy scheme is shown in
Fig.1 (b). The external fields (treated classically) illu-
minate the ion in opposite directions in the z = 0 plane
and both can have a component along the x and y axes.
We assume the trap to be anisotropic, with ωx > ωy and
∆xcm (∆ycm) the ground-state width, in the trapping
potential, along the x (y) direction. The Hamiltonian of
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Here, b̂†j (b̂j) (j = x, y) are the creation (annihilation) op-
erators describing the quantized position of the CM of the
ion in the trap, ĝi = gie−iki·r̂−iωit−iφi take account of the
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motion respectively [9] and ∆kx,y are the projections of
k1 − k2 in the z = 0 plane. We have neglected the laser-
intensity dependent ac-Stark shifts due to the disper-
sive couplings. These energy terms in the Hamiltonian
can be controlled by stabilizing the laser beams and for-
mally eliminated by redefining the ground state energy.
A scheme to cancel the ac-Stark shifts using an addi-
tional laser has been demonstrated in ref. [16]. Properly
directing the laser beams we can arrange a coupling be-
tween the two vibrational modes as well as engineering
a single-mode Hamiltonian (when µ or ν is zero) [11].
In this latter case, if not explicitly specified, we will al-
ways consider the states of the x mode to embody the
qubits, while the y mode will be used as an ancilla.
An interesting feature of the model in Eq. (2) is the
possibility to select stationary terms from the Hamilto-
nian simply by tuning the laser fields to an appropriate
sideband resonance of the trapped ion’s spectrum. In-
deed, in the interaction picture, the term depending on
exp [i(sxωx + syωy − δ12)t] (and its hermitian conjugate)
appears in H , where sx = (n − m), sy = (p − q). Tun-
ing δ12, which excites the proper sideband of the energy-
level scheme shown in Fig. 1 (b), we single out stationary
terms in Eq. (2), which we want to be dominant over the
contributions of the other oscillating terms.
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FIG. 1: (Color online) Scheme of principle of the experimen-
tal setup proposed to test the CSL model. A Fabry-Perot the
optomechanical cavity is pumped by a laser at frequency !0

and strength E . The pump populates a mode of the cavity
filed that is coupled to a vibrating mirror (frequency !m).
A quarter-wave plate (QWP) and a polarising beam-splitter
(PBS) are used to re-direct the light leaking from the cavity
after the interaction with mechanical mirror, which is a↵ected
by both radiation-pressure and the non-linear mechanism re-
sponsible for CSL, to a spectrum analyser. The right-most
pumping field is used to cool the mechanical oscillator to low
temperatures. Zig-zag arrows are used to represent the CSL
mechanism (�) and the Brownian noise (⇠) a↵ecting the me-
chanical oscillator.

in turn be responsible for mechanical Brownian motion.
In addition, we assume a non-linear mechanism to act on
the oscillator, as described by a suitable CM. The setup
is illustrated schematically in Fig. 1. The explicitly open-
system nature of the dynamics undergone by the device
is fully captured by adopting a Langevin formalism to
account for the Brownian noise, the leakage of the cavity
field, the input white noise to the cavity, and the e↵ect
of the CM considered in our analysis. In order to set a
benchmark, we concentrate on the mass-dependent Con-
tinuous Spontaneous Localization (CSL) model, which is
one of the most-studied CMs in literature. The overall
dynamics is thus described by the equation

@
t

Ô =
i

~ [Ĥ, Ô] +
i

~ [V̂t

, Ô] + N̂ (1)

with Ô a generic operator of system, Ĥ the Hamitlonian
relating the coherent part of the evolution, N̂ the con-
tribution due to standard environmental noise, and V̂

t

the instinsic noise accounted for using many-body CSL
theory.

By using Eq. (1) as the building block of our analy-
sis, our goal is to show that signatures of the intrinsic
collapse noise are visible in the density noise spectrum
(DNS) of the mechanical oscillator. In the following, we
assume the mirror to have massm, natural oscillation fre-
quency !

m

, and energy damping rate �
m

. The cavity of
length L sustains a single mode of radiation of frequency
!
c

described by the bosonic annihilation and creation op-
erators â and â†. The external pump has frequency !0

and input power P . In a rotating frame at the frequency

of the external pump, the model Hamiltonian reads
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�!0)â
†â+

1

2
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q̂2+
p̂2

2m
�~�â†âq̂+i~E(â†�â),

(2)
where q̂ is the position operator of the center-of-mass of
the mechanical mirror, � = !

c

/L is the optomechanical
coupling rate, and E =

p
2P/~!0 quantifies the cavity-

pump coupling ( is the cavity single-photon decay rate).
The interaction term �~�â†âq̂, which puts together the
mechanical mirror and the cavity field, describes the op-
tomechanical coupling under the assumption of large free
spectral range [22]. As illustrated in the Supplementary
Information available at [20], the stochastic linear poten-
tial V̂

t

can be cast into the form
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q̂, (3)

where w
t

describes white noise characterized by the sta-
tistical properties E(w

t

) = 0, and E(w
t

, w
s

) = �(t � s).
Here E(·) indicates expectation value and E(·, ·) stands
for a correlation function. Moreover [20]
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with %(r) the mass density of the mechanical mirror,
r
C

= 10�7m a characteristic length entering the CSL
model, and � a coe�cient that measures the strength of
the coupling with collapse noise. Ghirardi, Pearle and
Rimini [8] set �GRW ' 10�36m3s�1, while Adler [9] sets
�A ' 10�28m3s�1. Much larger or smaller values are
ruled out [8, 9]. As a benchmark for the quantification
of �, one can consider a homogeneous spherical object of
radius R and mass m. Using Eq. (4), one thus gets
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2
/r

2
C ) [m0 = 1amu]. (5)

Let us now get back to Eq. (1). We now have all the in-
gredients to write explicitly as a set of quantum Langevin
equations reading [21]
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)â+ i� q̂ â�  â+
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(6)

where we have introduced the cavity input noise operator
â
in

, the Brownian-motion Langevin operator ⇠̂ (describ-
ing the incoherent motion of the mechanical mirror aris-
ing from the coupling with the background of phononic
modes due to its physical support). These sources of
noise are characterized by the two-time correlators [21]
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FIG. 1: Sketch of the experimental setup. (a) A cavity is built between the cantilever and a regular concave mirror of 25 mm
focal length and 99.3% reflectivity. The cavity length was slightly shorter than 25 mm such as to obtain a waist of approximately
20 µm at the location of the surface of the cantilever. In this configuration we measured a cavity finesse of 500. To minimize
damping of the mechanical mode due to gas friction, the cavity is placed in a vacuum chamber which is kept at 10−5 mbar.
The cavity is pumped with a Nd:YAG laser at 1064 nm. The beam is phase modulated at 19 MHz (MOD) by a resonant
electro-optic modulator (EOM) before it is injected into the cavity via the input mirror (IM). The beam reflected from the
cavity is sent via a beam splitter (BS) onto a high-speed PIN photodiode (PD). After amplification of the photocurrent, its
AC part is demodulated with the initial modulation frequency to obtain the PDH error signal. This error signal is then used
to feed a low-frequency control loop (PID) to stabilize the cavity length via a piezo actuator. In addition, the error signal
is fed to a spectrum analyzer (SA) to record the dynamics of the mechanical mode. (b) The cantilever is a doubly clamped
free standing Bragg mirror (520 µm long, 120 µm wide and 2.4 µm thick) that has been fabricated by using UV excimer-laser
ablation in combination with a dry-etching process [26]. The reflectivity of the Bragg mirror is 99.6% at 1064 nm. (c) Power
spectrum of the micro-mirror. We have isolated a mechanical mode at 280 kHz with a natural width of 32 Hz, corresponding
to Q ≈ 9000. All measurements presented in this work have been made on this mode.

ω−ω π

 Δ=0

 Δ=0.22 κ

FIG. 2: Power spectrum of the mechanical mode at two different relative detuning levels ∆ of the cavity for an input power of
2 mW. The data is obtained from the PDH power spectrum, which is directly proportional to the displacement power spectrum
of the micro-mirror. Experimental points are taken with the spectrum analyzer, averaged over 30 consecutive measurement
runs. Solid lines are Lorentzian fits to the data. The areas obtained from the fit correspond to temperatures of 300 K and 8
K, respectively.
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Fig. 8. Optomechanical systems based on WGM optical microresonators. Top row
shows scanning electron micrographs of four di�erent systems studied experimen-
tally. The corresponding panels in the bottom row depict the displacement patterns
of mechanical modes which couple to the optical modes particularly strongly. The
mechanical modes are simulated using the finite-element method (first three panels:
2-dimensional cross-section, last panel: full 3-dimensional simulation).

co-located in the same structure and are coupled via radiation pressure, was
only realized in 2005, in toroidal microresonators (Kippenberg et al. (2005);
Rokhsari et al. (2005)). It became immediately evident that optomechani-
cal coupling in this manner pertains to virtually any optical microresonator
(Kippenberg and Vahala (2007)) and has been demonstrated in a variety of
microresonator geometries, including microspheres (Ma et al. (2007)) and mi-
crodisks or optimized optomechanical resonators (Schliesser et al. (2008b);
Anetsberger et al. (2008)) as shown in figure 8. In this section, prior to dis-
cussing the optomechanical phenomena that can occur in optical whispering
gallery mode microresonators, we analyze the mechanical modes of WGM
microresonators, discuss their mechanical eigenfrequencies and address the
question of the sources of mechanical dissipation and other relevant optome-
chanical properties.

3.1 Optical properties of WGM silica microresonators

An essential precondition to render the weak e�ects of radiation pressure ex-
perimentally accessible is a high optical finesse. In a cavity of finesse F , the
circulating power—and thus also the radiation pressure force—is enhanced by
a factor of � F/� compared to the launched power. Silica microresonators can
achieve finesses on the order of 106, exceeding even the best results achieved
with Fabry-Perot cavities for cavity QED (Vernooy et al. (1998b)).
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FIG. 1. Schematic of model, motional modes, and working
points. (a) System considered: N equidistant elements posi-
tioned in the field of a Fabry–Pérot resonator (we shall con-
sider only the case for which L � Nd). (b) Two examples of
collective motional modes: the center-of-mass mode, and an
example of a ‘breathing’ modes. (c) Free-space reflectivity of
a 5-element array as a function of the element spacing d; the
curve is periodic with period �/2. The intensity reflectivity
of each element is 20% (dotted green line).

lengths [24]) to increase the field density of modes and
thus the coupling between light and mechanics. Our anal-
ysis reveals a regime where, regardless of whether the
scatterers are atoms or mobile dielectrics, the coupling
strength (i) scales superlinearly (_ N

3/2) with the num-
ber of scatterers and (ii) does not saturate as the reflectiv-
ity of the elements approaches unity. This allows in prin-
ciple multi-element opto- or electro-mechanical systems
to reach single-photon optomechanical coupling strengths
orders of magnitude larger than those currently possible,
and does not require wavelength-scale confinement of the
light field. Concomitantly, we show that in this config-
uration (iii) the resonator field couples to a specific col-
lective mechanical mode supporting inter-element inter-
actions that are as long-ranged as the array itself. Since
the model is applicable both to mobile dielectrics, such as
membranes [12] or microspheres [15], and to cold atoms
in an optical lattice [26, 27], this new regime should real-
istically allow for achieving strong single-photon optome-
chanical coupling and realizing quantum optomechanical
interfaces. It also opens up avenues for the exploitation
and engineering of long-ranged cooperative interactions
in optomechanical arrays.

Let us again consider a lossless membrane, of thickness
smaller than a wavelength, placed inside a FP resonator.
This time, we suppose that the membrane has an ampli-
tude reflectivity r, which we parametrize in terms of the
polarizability ⇣ ⌘ �|r|

�p
1� |r|2. The single-photon op-

tomechanical coupling strength is now g

0

= g|r|, which is
maximized to g for large |⇣|, i.e., in the reflective regime
|r| ! 1. In order to illustrate the emergence of collec-
tive optomechanics, we consider now two identical mem-
branes placed symmetrically in the resonator at a dis-
tance d from each other, in the spirit of Fig. 1(a) and
Ref. [21]. As we justify below, the e↵ective polarizabil-
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FIG. 2. Transmission through a cavity with 5 immobile ele-
ments. The dashed lines denote the unperturbed resonances,
which are shifted when the displacement of the sinusoidal
mode, a type of breathing mode [Fig. 1(b)] that is defined
in the text, is nonzero. (⇣ = �0.5, L ⇡ 6.3 ⇥ 104�, d = d�,
bare cavity finesse ⇡ 3⇥ 104.)

ity of the two-element system is found to be of the form
� = 2⇣[cos(kd) � ⇣ sin(kd)] for light having wavenum-
ber k (wavelength �). This e↵ective polarizability, and
thereby the reflectivity, vanishes when d is chosen such
that kd = tan�1(1/⇣) mod ⇡. Assuming this transmis-

sive condition, one can linearize the cavity resonance con-
dition for a small variation �d of the mirror spacing. This
readily gives an optomechanical coupling strength

g

0
0

=

����
�!

�d

����x
0
0

⇡
p
2 g

|r|
1� |r| , (1)

provided d|⇣|2 ⌧ L, where x

0
0

= x

0

/

p
2 is the extent

of the zero-point motion for this breathing mode. It is
evident that g

0
0

scales more favorably with |r| than g

0

.
One can interpret this result by noting that as the re-
flectivity of the individual elements is increased, the con-
structive interference that is responsible for making the
array transmissive also strongly enhances the dispersive
response of the cavity around this working point. In a
symmetric situation the displacement of a mirror in one
direction will cause the field to adjust so that the other
mirror moves in the opposite direction, thereby balancing
the power impinging on the two mirrors. In this simple
two-element case, the radiation-pressure force thus cou-
ples naturally to a breathing mode [Fig. 1(b)].

I. OPTICAL ‘SUPERSCATTERERS’

To treat the general case of an array of N equally-
spaced elements in free space we make use of the trans-
fer matrix formalism [28] for one-dimensional systems of
polarizable scatterers, and derive the response of the sys-
tem to a propagating light field. As is well-known from
the theory of dielectric mirrors, the reflectivity of the
ensemble can be tuned to have markedly di↵erent be-
haviors at a given frequency [Fig. 1(c)]. An array of
N equally-spaced identical elements, each of polarizabil-
ity ⇣, can be described through a matrix that relates
left- and right-propagating fields on either side of the
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